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Abstract 

This paper is chiefly concerned with qualitative properties of some reaction-diffusion 
fronts. The recently defined notions of transition fronts generalize the standard notions 
of traveling fronts. In this paper, we show the existence and the uniqueness of the global 
mean speed of bistable transition fronts in R . This speed is proved to be independent 
of the shape of the level sets of the fronts. The planar fronts are also characterized in the 
more general class of almost-planar fronts with any number of transition layers. These 
qualitative properties show the robustness of the notions of transition fronts. But we 
also prove the existence of new types of transition fronts in M> N that are not standard 
traveling fronts, thus showing that the notions of transition fronts are broad enough to 
include other relevant propagating solutions. 
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1 Introduction 

This paper is concerned with some existence results and qualitative properties of generalized 
fronts, and with some estimates of their propagation speeds, for semilinear parabolic equations 
of the type 

u t = Au + f(u), (t,x)eRxR N , (1.1) 

where u t = ^ and A denotes the Laplace operator with respect to the space variables x G M. N . 
Throughout the paper, the reaction term / : [0, 1] — > R is a C 1 function such that 

/(0) = /(l) = 0, /'(0) < and f(l) < 0. (1.2) 

Both zeroes and 1 of / are then stable. We define 

0- = min {s G (0, 1); f(s) = 0} and 9 + = max {s G (0, 1); f(s) = 0}. (1.3) 

There holds < 9~ < 9 + < 1. A particular important case corresponds to bistable nonlinear- 
ities / which, in addition to (11. 2p . satisfy 9~ = + , that is 

39 e (0,1), / < on (0,9) and / > on (9,1). (1.4) 

A typical example of a function / satisfying (jl.4p is the cubic nonlinearity fe(s) = s(l — s)(s—9) 
with < 9 < 1, and (11.11) is then often referred to as Nagumo's or Huxley's equation. 
When 9=1/2, then equation flTT) with the function f(s) = 8f 1/2 ((s + l)/2) = s - s 3 
with s G [—1,1] corresponds to the celebrated Allen-Calm equation arising in material sciences. 
More generally speaking, equation (11.11) is also one of the most common reaction-diffusion 
equations arising in various mathematical models in biology or ecology. 

In one of the main results of this paper (Theorem 12.81 below), assumption (ll.4p will be 
made together with (11.21) . In all other results, the function / is assumed to fulfil (II. 2p only 
and can then be more general than the specific bistable type (11.41) . 

The solution [0, 1] typically stands for a normalized density and it is 

understood as a classical solution of (11.11) . From the strong maximum principle, either u is 
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identically equal to 0, or it is identically equal to 1, or it ranges in the open interval (0, 1). We 
only consider this last situation in the paper. 

One of the most important aspects of these equations, which accounted for their success, is 
the description of propagation phenomena. By that we understand front-like time-global (also 
called entire, or eternal) solutions u of (11. ip which connect the two stable stationary states 
and 1 and which, in general, move as time runs (see precise definitions later). These solutions 
are an important class of solutions in that they usually describe the large-time behavior of 
the solutions of the associated Cauchy problems (some important large-time dynamics and 
stability results will actually be used in the proofs of the present paper). Much work has been 
devoted in the last decades to the study of standard front-like solutions for equations of the 
type (II. ip . and some of the main results in this very active field will be recalled below. On the 
other hand, new more general notions of propagation speeds and transition fronts, including 
the standard traveling fronts, have been introduced recently. 

In this paper, we prove the existence and the uniqueness of the speed of any front among 
the class of transition fronts connecting and 1 for problem (11.11) . We also establish some 
one- dimensional symmetry properties and various classification results related to the shape of 
the level sets of the fronts. All these qualitative properties show the robustness of the notions 
of transition fronts. 

Furthermore, we prove the existence of new types of transition fronts in that are not known 
standard traveling fronts, thus showing that the notions of transition fronts are broad enough 
to include other relevant propagating solutions. 

Before doing so, we first review the main existence and qualitative results for the standard 
traveling fronts. 

1.1 Standard traveling fronts 
One-dimensional traveling fronts 

On the one-dimensional real line, standard traveling fronts are solutions of the type 

u(t, x) = (pf(x — Cft), 

where Cf G M is the propagation speed and <ftf : M. — > [0, 1] is the propagation profile, such that 



The profile 0/ is then a heteroclinic connection between the stable states and 1. Such 
solutions u(t,x) = <f)f{x — Cft) move with constant speed Cf and they are invariant in the 
moving frame with speed C/. 

If / satisfies (jl.4p in addition to (II. 2p . then such fronts exist, see |IJ|29j|lT]. Under the sole 
condition (II. 2p . such fronts do not exist in general but further more precise conditions for the 
existence and non-existence have been given by Fife and McLeod in . For instance, if / 
satisfies (ll.2p and if there are some real numbers O<0~</i<0 + <1 such that 




(1.5) 



/(*") = /(/x) = f(9 + ) = 0, f'ijji) < 0, 

/ < on (0, 0~) U (fi, 6+) and / > on (0~, /i) U (0+ 1), 
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then there some fronts (cj, 07) and (c^ , 0/ ) connecting and /i, and fi and 1 respectively, since 
the function / is of the bistable type on each of the subintervals [0,fj] and [/i, 1]; furthermore, 
in this case, it has been proved in [29] that a front (c/, 0/) solving (11.51) exists if and only 
if c~ < c + , and then the inequalities c~ < Cf < c + hold necessarily. 

Coming back to the general case (jl.2p . if a front (c/,0/) solving (II. 5p exists, then the 
speed c/ is unique, it only depends on / and it has the sign of L /, see [281 [29]. in particular, 
if / is balanced, that is Lf = 0, then c/ = 0. Moreover, the profile 0/, if it exists, is 
unique up to shifts, it is such that 0* < in R and it can be assumed to be fixed with the 
normalization 0/(0) = 1/2. Lastly, when they exist, these fronts are globally stable in the 
sense that any solution of the Cauchy problem u t = u xx + f(u) for t > with an initial 
condition u(0, •) : R — > [0, 1] such that 

liminf u(0,x) > 9 + > 9~ > limsupii(0, x) 

converges to the traveling front 0/(x — Cft + £) uniformly in x G R as t — > +oo, where £ is a 
real number which only depends on tt(0, •) and /, see [29| 130] . Let us mention here that the 
uniqueness of the speed Cf is in sharp contrast with the case of positive nonlinearities / > 
on (0,1), for which the set of admissible speeds is a continuum [c* , +oo) with Cj > 0, see 
e.g. [1]. 

Throughout the paper (except in the specific Proposition 13.31 m Section l3~2l below), we as- 
sume (11 . 2D and i/ie existence (and then the uniqueness) of a planar front (c/, 0/) solving (11.5j) . 
In particular, we insist on the fact that all results of this paper hold if / is of the important 
bistable type (II. 4p . In one of the main results (Theorem 12 .8p . we actually assume additionally 
that / has the bistable profile (II. 4p . 

Standard planar traveling fronts in R^ with N > 1 

In any dimension N > 1, planar fronts 

it(t, x) = 4>f(x ■ e — Cft), 

if any, are unique up to shifts, for any given unit vector e of R^, where the one- dimensional 
profile 0/ is as above. The level sets of such traveling fronts are parallel hyperplanes which are 
orthogonal to the direction of propagation e. These fronts are invariant in the moving frame 
with speed c/ in the direction e and the unique speed c/, if any, can then be referred in the 
sequel as the speed of planar fronts connecting and 1 for problem (II. ip . Lastly, when / is of 
the bistable type (11.41) . these planar fronts, which exist, are known to be stable with respect 
to some natural classes of perturbations, see (121 HU 05J [TTJ . 

Standard non-planar traveling fronts in M. N with N > 2 

When N > 2 and / fulfills (jl.4p with, say, Cf > 0, there are other traveling fronts, which 
have non-planar level sets. That is, there are fronts whose profiles are still invariant in a 
moving frame with constant speed, but whose level sets are not hyperplanes anymore. Namely, 
taking xn as the direction of propagation without loss of generality, calling x' = (x\, . . . , xn-i) 
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Figure 1: Level sets of a conical-shaped curved front 



and \x'\ = {x\ + • • • + x^-i) 1 ^ 2 and letting a E (0, 7r/2) be any given angle, equation (11. ip 
admits "conical-shaped" axisymmetric non-planar fronts of the type 



u(t, x) = <p(\x'\, Xjy — ct) 



such that 



0(r, z) — > 1 (resp. 0) unif. as z — ip{r) — > — oo (resp. + oo), 

c = — — and ip'(+oo) = cot a, 
sin a 



(1.6) 



for some C 1 function ijj : [0, +oo) — > M, see [3S1EI] and the joint figure. When Cf < 0, the same 
result holds after changing the roles of the limits and 1. Fronts u(t, x) = 4>(x', xn — ct) with 
non-axisymmetric shape, such as pyramidal fronts, are also known to exist, see [651 [68]. A large 
literature has been devoted to the study of these axisymmetric and non-axisymmetric fronts 
in the recent years. For symmetry, uniqueness, stability and further qualitative properties of 
these traveling fronts, we refer to [3U [Ml EZ1 Ell E21 ESI ESI EE] (see also [3H] for the existence 
of conical-shaped fronts for some systems of reaction-diffusion equations and for angles a close 
to 7T/2). 

When N >2 and / fulfills (11.41) with c/ = 0, fronts u(t, x) = <J)(\x'\,xn — ct) with conical- 
shaped level sets cannot exist anymore, see [M]. Nevertheless, for every c ^ 0, there exist 
some fronts u(t, x) = (J)(\x'\,Xn — ct) such that 0(r, z) — > 1 (resp. 0) as z — > — oo (resp. +oo) 
for every r > and whose level sets have an exponential shape (if N = 2) or a parabolic shape 
(if N > 3), see [16]. The axisymmetry, up to shifts, of these fronts in dimension N = 2 has 
been proved in [32]. Furthermore, when N > 3 and |c| ^ is small enough, (ll.ip also admits 
fronts u(t, x) = <f>(\x'\,XN — ct) such that 0(r, ±oo) = for every r > 0, sup xgR iv 0(|x'|, xjy) = 1 
and the level set 



is made of two non-Lipschitz graphs, see [21] (other axisymmetric fronts exist for which E has 
only one connected component and has the shape of a catenoid, see [21]). On the other hand, 
for any N > 2 (still with Cf = 0), planar stationary fronts u(t, x) = <pf(x-e) obviously still exist, 
for any unit vector e. Stationary solutions u(x) of (II. ip such that u XN < and u(x',Xn) — > 1 
(resp. 0) as xjy — > — oo (resp. +oo) are necessarily planar -hence of the type <j>f(x ■ e) up to 
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shifts- if N < 8 [31 El [58] whereas they are not always planar when N > 9 [20] (this problem 
is related to a celebrated conjecture by De Giorgi [T8] for f(s) = s(l — s)(s — 1/2)). Other 
non-monotone stationary saddle-shaped solutions or solutions whose level sets have multiple 
ends are also known to exist for some balanced bistable functions /, see [H HH [121 H31 EZ1 HH] • 



1.2 Notions of transition fronts and global mean speed 

The above examples show that equation (jl.ip admits many types of traveling fronts. For all 
of them, the solutions u converge to the stable states or 1 far away from their moving or 
stationary level sets, uniformly in time. This observation will be the key-point of the more 
general notion of transition fronts given in Definition [T7T] below. Furthermore, another common 
property fulfilled by all the standard traveling fronts is that their level sets move at the global 
mean speed |c/|, only depending on /, in a sense to be made more precise below. One of 
the main goals of the present paper is actually to prove that this property is shared by all 
transition fronts. 

Let us now describe the general notions of transition fronts and global mean speed for 
problem (11.11) . First, for any two subsets A and B of M. N and for x G R , we set 

d(A, B) = mf {\x - y\, (x,y)eAxB} (1.7) 

and d(x, A) = d({x}, A). The notions of transition fronts and global mean speeds are borrowed 
from [8] and are adapted here to the case of connections between the constant stationary 
states and 1 in M N . They involve two families (fi t ~)*6K an d (^t~)teiR of open nonempty 
subsets of M N such that 



Vt G 



r n t - n = 0, 

dttT = dtt+ =: r t , 

(11 

ur t u ni = r n , v ' 

sup {d(x, T f ); x G Of} = sup {d(x, T t ); i G = +oo 



and 



inf { sup {d(y, T t ); y G Vtf ', \y - x\ < r}; t G R, x G Y t \ ->■ +oo 

J asr^ +oo|ll (1.9) 

inf < sup {d(y, T t ); y G Q^, \y — x\ < r}; t G R, 16^4 +00 

Notice that the condition (11. 8p implies in particular that the interface T t is not empty for 
every t G R. As far as condition (II. 9p is concerned, it is illustrated in the joint figure. Roughly 
speaking, it means that, when r is large, for every t G R and every point x G F t , there are some 
points y^tx an d Vrt x i n both Qf and which are far from T t and are at a distance at most r 
from x (in particular, the points y rt x belong to the geodesic tubular neighborhoods of width r 



1 In [8], the condition \y — x\ = r was used instead of \y — x\ < r (more precisely, the condition dn(y, x) = r 
was used, where c?n denotes the geodesic distance in a domain f2 C M. N ). In the case of the whole space M. N , 
the condition \y — x\ < r in (|1.9[) of the present paper is broader than just \y — x\ = r and in some sense 
more natural. However, it is straightforward to check that all qualitative properties stated in [8] still hold with 
the condition \y — x\ < r or with d,Q(y,x) < r in a general domain ft C M. N , instead of the corresponding 
condition (1.5) of [S]. 
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/radius>M \ 
\ ,/'<r 




ft 

Figure 2: Geometrical interpretation of the condition ( 11 .9D 

of the sets Moreover, the sets T t are assumed to be made of a finite number of graphs: 
there is an integer n > 1 such that, for each t £ R, there are n open subsets w^t C M^ -1 
(for 1 < 2 < n), n continuous maps ijj^t : u^t — > M and n rotations i?^ of R , such that 

T t c \J R i>t ({xeR N ; X' ecu i;t , x N = i> i>t (x')}y (1.10) 

l<i<n 

When N = 1, ( ll.lOp means that T f has cardinal at most n, that is T 4 = ■ ■ • ,x n ,t}, for 
each tel. 

Definition 1.1 j8] For problem (11. ip . a transition front connecting and 1 is a classical 
solution u : M x — > (0, 1) /or which there exist some sets (p,f)t€& and (Ft) test, satisfy- 
ing ( 11.81) . ( 11.91) and ( 1 1 . 1 j) . and, for every e > 0, there exists M > such that 



1.11) 



Vt G R, Vi G (rf(x,T t ) > M) (n(t,x) > 1-e), 

Vi Gi, Vx G fir/, (d(x,r t ) > M) =>• (u(t,x) < e). 

Furthermore, u is said to have a global mean speed 7 (> 0) if 

\t^ 7 as l^- s l^+oo- (1-12) 

Before stating the main results of this paper, let us comment the notions given in Defini- 
tion 11.11 and let us connect them with the standard notions of traveling fronts. Firstly, it is 
easy to check that all moving or stationary fronts mentioned in Section [LT] are transition fronts 
connecting and 1 in the sense of Definition ll.il for some suitable choices of sets (Q t )teR- F° r 
instance, when / fulfils (ll.4p with c/ 7^ 0, the conical-shaped fronts u(t,x) = <f>(\xf\,XN — ct) 
satisfying (jl.6p are transition fronts connecting and 1 with, say, 

Qf = {x e R N ; x N < i'{\x'\) + ct}, 07" = {x e R N ; x N > i/j(\x'\) + ct} 

and r 1 = {iG R N ; x N = ip(\x'\) + ct} for every i 6 R. However, Definition 11.11 covers other 
transition fronts than the one described in Section ITTTI (see Theorem 1 2 . 8 1 b elow) . Definition ll.il 
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was actually given in [8] for more general domains, equations or limiting states (instead of 
and 1). In the recent years, many papers have been devoted to the existence and stability of 
transition fronts for equations of the type (II .ip in R or in infinite cylinders with x-dependent 
03 S3 E31 EU E2 d and t- or (t, a;)-dependent [H [50l [591 EDI EH [621 [631 EU bistable, com- 
bustion or monostable nonlinearities /, as well as for (11 .ip in exterior [9] or cylindrical- type 
domains (see [3 [HI 031 [57], where blocking phenomena are also shown). We also mention 
E21 E3 S3 E3 E3 EH E21 E3] for the existence and qualitative properties of bistable pul- 
sating fronts in periodic media. In a subsequent paper [33], we establish some bounds and 
estimates for the mean speed of transition fronts in heterogeneous media or in more general 
domains. In the present paper, for the sake of clarity and homogeneity of the presentation, we 
only focus on the case of the homogeneous equation (11.11) in the whole space R N but we prove 
that even this simple-looking problem already has many deep properties: new classification 
results and general estimates shared by all transition fronts are shown, not to mention the 
existence of new transition fronts. 

For a given transition front u, the sets (ilf) t m and (r t ) te K are not uniquely deter- 
mined, in the sense that two families (fl t ) te R (resp. (T t )tm) an d (£lf)tew. (resp. (T t )tm) 
may be associated to the same transition font u. Nevertheless, due to the key uniformity 
property in (II. lip , the sets T t are located at a uniformly bounded distance of any given 
level set of u and this boundedness property is intrinsic. Namely, under the assumption 
that sup {d(x, r t _ r ); < G R, x £ T t } < +oo for some r > (the interfaces T t and IV T are in 
some sense not too far from each other), it follows from Theorem 1.2 of [8] that 

VAe(0,l), sup {d(x, r t ); u(t, x) = A, (t, x) £ R x R N ] < +oo 

and, for every C > 0, there is rj > such that rj < u(t,x) < 1 — r\ for all (t,x) £ K x R N 
with d(x, r t ) < C. Roughly speaking, the transition zone between and 1 is thus a neigh- 
borhood with uniformly bounded width of the (possibly moving) interfaces Tt (notice however 
that the transition zone between and 1 can also be made of several possibly disconnected 
transition zones, each of them being a neighborhood of a graph, see for instance the aforemen- 
tioned examples from [2T] and another example after Theorem 12 . 51 below) . The word transition 
in Definition 11.11 thus corresponds to the intuitive idea of a spatial transition (we refer to 
for the related but different notion of critical transition). 

The global mean speed 7 of a transition front, if any, corresponds to the limiting average 
speed of the minimal distance between the interfaces T t and can then be viewed as a mean 
smallest normal speed of the interfaces T t . Since the sets T t are not uniquely determined, 
the notion of instantaneous normal speed of T t has no sense. However, due to the remarks 
of the previous paragraph, the notion of global mean speed 7 given in (11.121) is meaningful. 
As a matter of fact, it is essential to say that, for a given transition front u, the global 
mean speed 7, if any, is uniquely determined and does not depend on the specific choice 
of the sets (^lf)tm and (r 4 ) teK , see Theorem 1.7 in [8]. For instance, when / fulfils (jl.4jl 
with cj 7^ 0, the conical-shaped fronts u(t,x) = (f>(\x'\,x^ — ct) satisfying (II. 6p have a global 
mean speed 7 and 7 = \cf\, whatever the angle a £ (0, tt/2) may be. For any such front u, the 
speed c — Cf/ sin a is the speed in the vertical direction a; at of the frame in which the front is 
invariant, but the asymptotical smallest normal speed of the level sets of u is equal to |c/|. It 
is also straightforward to check that, when / fulfils (II. 4p with Cf = 0, the fronts mentioned in 
Section ITTTI have global mean speed 7 = 0: this fact is obvious when the fronts are stationary, 
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since the T t can all be chosen as any given (time-independent) level set, but this property also 
holds good for the exponentially-shaped or parabolic-shaped fronts since the level sets have 
an infinite slope in the (x',xn) coordinates as — > +00. These exponentially-shaped or 
parabolic-shaped fronts have zero global mean speed 7 = 0, but they are not stationary. 

What is much stronger and not trivial at all is to show that, whatever the shape of the 
fronts and the value of Cf may be, all transition fronts for f ll.ip have a global mean speed and 
this speed is equal to |c/|: this will be one of the main results of this paper, see Theorem 12.61 
below. 

2 Main results 

The first main results are concerned with some qualitative geometrical properties of the tran- 
sition fronts connecting and 1 for problem f ll.ip . including some new classification Liouville- 
type results, and with some estimates of their global mean speed. More precisely, in the 
following subsections, we first give a characterization of the planar fronts among the more 
general class of almost-planar transition fronts. We then give a characterization of the mean 
speed of all transition fronts. Lastly, we deal with the existence of new non-standard transition 
fronts. 

2.1 Almost-planar and planar fronts 

Planar fronts connecting and 1 for fll.ip are solutions of the type <j)(x-e — ct) with <p(— 00) = 1 
and (j)(+oo) = 0. As recalled in Section [TTTj the function <f> = <pf, if any, is unique up to shifts 
and the speed c = c/, if any, is unique. These fronts have planar level sets and they are 
monotone with respect to the direction of propagation, at each time t. In particular, they fall 
within the more general class of almost-planar fronts introduced in [8], and defined as follows. 

Definition 2.1 A transition front u in the sense of Definition II .11 is called almost-planar if, 
for every t G R, the set T t can be chosen as the hyperplane 

T t = {xeR N ; x-e t = i t } 

for some vector et of the unit sphere S^" 1 and some real number £ t . 

In other words, the level sets of almost-planar fronts are in some sense close to hyperplanes, 
even if they are not a priori assumed to be planar. In [7], we gave a characterization of the 
almost-planar fronts for which e t = e is a given constant vector and for which there exists 7 > 
such that |£( — £t\ ~ l\t — s I is bounded uniformly with respect to (t, s) G M 2 : such fronts have 
to be planar fronts 0/(±x ■ e — c/t), up to shifts, and 7 = |c/| (see Theorem 3.1 in [7]). 

In this paper, we first give a more general characterization of the planar fronts <j)f(x-e — Cft) 
for problem fll.ip . without assuming that the directions et are a priori constant and without 
assuming any a priori bound on the positions £ t . 

Proposition 2.2 For problem f 1 1.1ft . any almost-planar transition front u connecting and 1 
is planar, that is there exist a unit vector e of R N and a real number £ such that 

u(t, x) = (j) f {x ■ e - c f t + for all (t, x) G R x R N . (2.1) 
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set u = l/2\ 



Figure 3: Almost-planar fronts 



The first step in the proof of Proposition 12.21 is to show that the directions e t appearing 
in Definition 12.11 are equal to a constant vector e independent of time. As a consequence, u 
converges to and 1 as x ■ e — £ t — > ±oo, uniformly in t and in the spatial variables orthogonal 
to e. These properties have some similarities with the Gibbons conjecture about the one- 
dimensional symmetry of solutions < v < 1 of elliptic equations Av + f(v) = in M. N with / 
satisfying (jl.2p and v(x) — > and 1 as x-e — > ±oo uniformly in the variables orthogonal to e: for 
this latter problem, the solutions are proved to depend on x-e only (and, necessarily, f = 0), 
see [3 [101 |26l |2?J. As for our parabolic problem (11. ip . the difference is that nothing is imposed 
a priori on the function £ t : to get the conclusion (12. ip . the one-dimensional stability of the 
planar front 0/ (see Fife and McLeod [29]) is used to get the boundedness of t \-> £ t — c/t, 
together with the aforementioned parabolic Liouville type result of Berestycki and the author 
(Theorem 3.1 in [7]). 

Remark 2.3 As a matter of fact, the existence of the planar front (cf,<j)f), which is always 
assumed by default throughout the paper, can almost be dropped in Proposition 12.21 Namely, 
there is a C 1 ([0, 1]) dense set of functions / satisfying (11.21) such that the existence of an almost- 
planar transition front connecting and 1 for problem ( 11.11) in M. N implies the existence of a 
planar one-dimensional front (c/, 0/), and then the conclusion (12. lh : in other words, for these 
functions /, either there is a planar front (cf,<f>f) connecting and 1, or there is no almost- 
planar transition front connecting and 1 in M. N . We refer to Section [3T21 and Proposition 13.31 
below for more details. However, for the sake of the unity of the presentation, in Proposition ^. 21 
as well as in all other results, we have chosen to keep the default assumption of the existence 
of a planar front (cf,<pf). Lastly, we repeat that the assumption is fulfilled automatically if / 
is of the bistable type (II. 4p . 

It follows in particular from Proposition 12.21 that the almost-planar fronts in any dimen- 
sion N > 1 have a (global mean) speed 7 = |c/|. Another immediate consequence of Propo- 
sition 12.21 is a classification result in dimension N = 1. For any non- empty set E C R N , 



let 



diam(.E') 



sup 

(x,y)eExE 



x-y 



denote the Euclidean diameter of E. 
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Corollary 2.4 Let u be any transition front connecting and 1 for problem (11.11) in R. 
If sup tgffi diam(T t ) < +oo, then u is a classical traveling front u(t,x) = 0/(±x — Cft + £) 
for some ( £ R. In particular, if u is almost-planar in the sense of Definition 12.1 1 then the 
same conclusion holds. 

Indeed, the boundedness of diam(I\) in dimension N = 1 implies that T t can be reduced 
to a singleton without loss of generality, that is there is only one interface between the limi- 
ting values and 1. Notice that the boundedness of the width of the transition between 
and 1, which is one of the key-properties in Definition ll.l| is necessary for the conclusion 
of Proposition 12.21 to hold in general, even in dimension N = 1. For instance, if / is of 
the bistable type (11. jj) , there exist some solutions u of (11. ip in R such that < u(t,x) < 1 
in R 2 , u(t, — oo) = 1 and u(t, +oo) = for every t G R and for which (11.111) is not satisfied for 
any families ) tgK and (r f ) tS K satisfying (II. 8p . (II. 9p and (ll.lOp . see (18]. These solutions are 
indeed constructed in such a way that they are close to 9 on very large intervals as t — > —oo. 
Thus they cannot be transition fronts in the sense of Definition 11.11 

Coming back to the transition fronts in M. N for any dimension N > 1, the conclusion of 
Proposition 12.21 still holds when, at each time t, the transition between and 1 is made of 
a finite number of bounded parallel strips, under the additional condition that the planar 
speed Cf is not zero. More precisely, the following result holds. 

Theorem 2.5 For problem (11.11) . let u be a transition front connecting and 1 such that, for 
every t G R, there are e t in §> N ~ 1 and ■ ■ ■ , £, n ,t i> n R such that 

r t = |J {xGR^; x-e t = ^ t }. (2.2) 

l<j<n 

If Cf 7^ ; then u is a planar front of the type (12. ip . 

The condition that c/ is not zero is actually necessary. Indeed, for some nonlinearities / 
such that Cf = 0, there are transition fronts connecting and 1 in R such that, say, 

r* = {£ M ,£ 2 ,t,£ 3 ,t} for allt < 0, 

with £ M < £ 2 ,* < for every t < 0, Ci,t -> -oo, ~> |£i,t| = o(\t\), £ 3 ,t = o(\t\) 

as t — >■ — oo, and 

T t = {0} for all t > 0. 

These transition fronts, which can be derived from [231124] . describe the slow dynamics of some 
almost-stationary fronts. They have three interfaces as t — oo, the leftmost and rightmost 
ones move toward the origin and disappear in finite time, and only one remains as t — > +oo, in 
the sense that the solution converges to a finite shift of the stationary front <pf(±x) as t — > +oo. 
Notice that such solutions have global mean speed 7 = Cf = in the sense of Definition 11.11 
and that such fronts of course exist in any dimension N > 2, by extending them in a trivial 
manner in the variables x 2 , ■ ■ ■ , xjq- 
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2.2 Existence and uniqueness of the global mean speed among all 
transition fronts 

Once we have characterized the (almost-)planar fronts for equation fll.ip . we now consider the 
general case of transition fronts whose level sets have arbitrary shapes. For this problem, as 
mentioned in SectionCfl the planar fronts u(t, x) = <f)f(x-e—Cft), the conical-shaped, pyramidal, 
exponentially-shaped or parabolic-shaped fronts u(t, x) = <ft(x', x^ — ct) with Cf 7^ or Cf = 0, 
as well as the stationary fronts when cj = 0, share a common property: they all have a global 
mean speed and this mean speed is equal to 7 = |c/|, which depends on / only The goal of 
the next theorem is to show both the existence and the uniqueness of the global mean speed 
of any transition front, whatever the shape of the level sets of the fronts may be and whatever 
the value of the planar speed c/ may be. 

Theorem 2.6 For problem (11. ip . any transition front connecting and 1 has a global mean 
speed j. Furthermore, this global mean speed 7 is equal to \cf\. 

We point out the difference between this result and Theorem 1.7 of [8] recalled in Section [L2l 
Theorem 1.7 of [8] was concerned with the uniqueness of the global mean speed, if any, of a given 
transition front u. Theorem 12.61 of the present paper not only shows the existence of a global 
mean speed for any transition front connecting and 1, but it also shows the uniqueness of this 
global mean speed among all transition fronts. Notice that this existence and uniqueness result 
is in sharp contrast with the case of transition fronts of (II. ip with other nonlinearities /. For 
instance, if / is positive and concave on (0, 1), then not only the admissible speeds of standard 
traveling fronts are not unique jl], but there are also some transition fronts connecting and 1 
which do not have any global mean speed, even in dimension N = 1, see [38] . 

Remark 2.7 Other notions of distance could be used. For any two subsets A and B of M. N , 
the quantity d(A, B) defined by ( II .7p is the smallest geodesic distance between pairs of points 
in A and B. Other notions are the distance d and the Hausdorff distance d defined by 

d(A, B) = min ( sup {d(x, B); x £ A], sup {d(y, A); y £ B}^j (2.3) 



and 



d(A, B) = max ( sup {d(x, B)\ x £ A}, sup {d(y, A); y £ £>} 



There holds d(A,B) < d(A,B) < d(A,B). It follows from the proof of Theorem 12.61 (see 
Remark 14.41 below for the details) that, under the same assumptions, any transition front 
connecting and 1 for equation ( II. ip has a global mean speed for the distance d and this 
global mean speed is equal to |cy|, in the sense that 

For instance, for all the usual traveling fronts u(t,x) = <J)(x',xn — ct) mentioned in Section [T] 
with conical-shaped, pyramidal, exponential or parabolic level sets, the global mean speed 
defined by ( 12. 4 p exists and is equal to \cf\, as for ( I1.12p . On the other hand, all these fronts 
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are invariant in the moving frame with speed c in the direction x^. The vertical speed of this 
specific frame can also be viewed as the asymptotic speed of the tip of the fronts, in the sense 
that 

diV u Y s 



t 



— > c as \t — s — > +00. 



Therefore, the Hausdorff distance gives rise to different global mean speeds, which provide 
another type of information about the evolution of the level sets but depend on the given 
transition front (remember that |c| can take all values in the interval [|c/|, +00) under assump- 
tion (11.41) . whatever the value of c/ may be). We think that the most natural notion of distance 
is the one defined in (11.121) : it corresponds to the asymptotic smallest normal speed of the 
level sets. Moreover, as d in (12. 4p . it has the advantage of depending only on / and thus being 
independent of the transition front, as shown in Theorem | 



2.3 Existence of non-standard transition fronts 

The previous qualitative properties showed the strength of Definition ll.l[ since the solutions 
of (II. ip in the large class of transition fronts are proved to share some common features 
(existence and uniqueness of the global mean speed) as well as some further strong qualitative 
symmetry properties under some additional geometrical conditions. As far as the standard 
traveling fronts are concerned, all these well-known fronts u(t, x) = <fr(x', x^ — ct), which were 
mentioned in Section [1.11 and which exist under the bistable condition (11.41) . share another 
simple property, in addition to the existence and uniqueness of the global mean speed |c/|. 
Namely, as already emphasized, they are invariant in the frame moving with the speed c in 
the direction xjy. However, what is even more intriguing is that there exist other transition 
fronts, which are not usual traveling fronts in the sense that there is no frame in which they 
are invariant as time runs. 

Theorem 2.8 Let N > 2 and assume that f is of the bistable type (ll.4p with Cf > 0. Then 
problem (11.11) admits transition fronts u connecting and 1 which satisfy the following pro- 
perty: there is no function $ : W N — > (0, 1) (independent oft) for which there would be some 
families (Rt)teR and (x t )tm of rotations and points in M. N such that u(t,x) = §(R t (x — x t )) 
for all (t,x) E R x R N . 

Theorem 12.81 means that the class of transition fronts includes new types of solutions, even in 
the homogeneous space ~R N , thus showing the broadness of Definition ll.il In dimension N = 2, 
the new transition fronts u described in Theorem 12.81 are constructed by mixing three planar 
fronts moving in three different directions: say, the direction x 2 and two directions which are 
symmetric with respect to the vertical axis X2 (see the joint figure). As t — > —00, the level sets 
of these solutions look like two symmetric oblique half-lines moving in the X2 direction and 
separated by a larger and larger segment parallel to the x\ axis. Then, as time increases, the 
medium segment disappears and, finally, the constructed solutions converge as t — > +00 to a 
conical-shaped usual traveling front 4>(x\, X2 — ct). This scheme leads to the desired conclusion 
in dimension N = 2 and then immediately in all dimensions N > 3 by trivially extending the 
two-dimensional solutions in the variables £3, . . . , xn- 
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1 



(t « -1) 



(t » 1) 



Figure 4: Example of a transition front given in Theorem 12.81 



Outline of the paper. In the remaining sections, we perform the proof of the results. 
Section [3] is devoted to the Liouville-type results related to the characterization of planar 
fronts among the larger class of almost-planar fronts or fronts having finitely many parallel 
transition layers, that is we do the proof of Proposition 12.21 and Theorem 12.51 Section H] is 
devoted to the proof of Theorem \2.Q\ that is we show the existence, the uniqueness and the 
characterization of the global mean speed among all transition fronts. Lastly, Section [5] is 
devoted to the proof of Theorem 12.81 that is the construction of transition fronts which are 
not standard traveling fronts. 

3 Characterization of planar fronts 

This section is devoted to the proof of Proposition 12.21 and Theorem 12.51 That is, we charac- 
terize the planar fronts among the larger class of almost-planar fronts with a single or a finite 
number of interfaces between the limiting values and 1. In other words, we prove the unique- 
ness of the transition fronts in this class. Firstly, we prove that, for the transition fronts whose 
level sets are almost-planar and orthogonal to the directions e t in the sense of Proposition 12.21 
and Theorem [531 the directions e t = e must be constant. Once this is done, the stability of the 
one- dimensional fronts and the one- dimensional symmetry of the almost-planar fronts moving 
with constant speed in a constant direction will lead to the conclusion of Proposition 12.21 For 
Theorem 12.51 one needs to exclude the case of transition fronts with 2 or more oscillations in 
the direction e. The proof will use the fact that the planar speed Cf is assumed to be nonzero 
and that initial conditions which are above 6 + on a large set spread with speed cj at large 
times (if c/ > 0). 



We first begin with the following elementary lemma. 

Lemma 3.1 Let u : R x ~B, N — > [0, 1] be a solution of (11.11) for which there are a real num- 



3.1 Proof of Proposition 12.21 
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her t E R and a unit vector e E S such that 

inf u(i ,x) — > 1 ( resp. sup u(t ,x) — >• 0) as A -> +00. (3.1) 

T/ien property (13.11) Zio/ds at ewer?/ tzme ti > to with the same vector e. 

Proof. For any $ E (0,1), let v$ and v# be the solutions of the one- dimensional Cauchy 
problem 

vt = v yy + f(v), t>0, y ER 

with initial conditions 

mO,y) = < ^ n and u^(0,j/) = ^ 3.2 

it y > 0, 17 11 ?/ > 0. 

Let ^ : R — > (0,1) denote the solution of the equation Q#(t) = f(g$(t)) with initial con- 
dition g#(0) = '&. It follows from the maximum principle and standard parabolic estimates 
that, for each t > 0, v^(t, •) and ■) are decreasing in R and that w^(t, — 00) = g&(t), 
v#(t, +00) = 0, v$(t, —00) = 1 and v$(t, +00) = £?#(i). 

Let now u, e and to < t\ be as in the lemma. We assume first that 

inf u(t ,x) — > 1 as A — > +00. 

xGR N ,x-e<-A 

Let e E (0, 1) be arbitrary. There is M G R such that 

u(t , x) > V!_ e (0, x • e + M) for all 2 G R^, 
whence x) > j>j_ e (ti — to, x- e + M) for all x E ~R N from the maximum principle. Therefore, 

liminf ( inf u(t\, x) ) > (ti — to, — 00) = £>i_ e (ii — to). 

A->+oo \xSR N ,x-e<-A J 

Since this holds for all e > small enough, since £>i_ e (ii — to) — >• 1 as e — > and since u ranges 
in (0, 1), it follows that 

inf u(t\, x) — > 1 as A —7- +00. 

a;GK JV ,a;-e<- J 4 



Similarly, if 

sup w(to, x) — > as A — >■ +00, 



one gets that 

limsup ( sup u(tx, 2)) < w e (ti — t , +00) = f? e (£i — t ) 

A-^+oo xeR N ,x-e>A 

for all e > small enough, and the conclusion follows. □ 
From the previous lemma, the next result follows immediately. 
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Corollary 3.2 Let m:Kx M. N — > (0, 1) be a solution of (II. ip s«c/i t/ia£, /or ewer?/ tame t G R, 
£/iere is a urzi£ vector e t G S^" 1 suc/i t/iat 

inf w(t, x) — >■ 1 and sup x) — )■ as A — > +oo. (3.3) 

x£R N ,x-e t <-A x£R N ,x-e t >A 

Then e t = e is independent of time t. 

Proof of Proposition I2T21 Let u be an almost-planar transition front connecting and 1, in 
the sense of Definition 12.11 for problem ( 11. ip . That is, there exist some families (et)teR i n S^" 1 
and (^t)teK in R such that 

r t = {x GR^; x-e t = &} 

for every tel. Up to changing into —et, it follows from (11.81) and Definition II. II that (I3.3P 
holds for every t G R. Corollary 13.21 implies that et = e is a constant vector, whence 

Qf = {xeR N ; x ■ e < &} and ft" = {x G R^; x ■ e > &} (3.4) 

for all t G R. 

We shall now prove that the function R 3 t i— >■ £ t — c/i is bounded. To do so, we use the 
stability result of planar fronts of Fife and McLeod [29] that we recalled in Section 11.11 The 
last step of the proof will be based on a Liouville-type result of Berestycki and the author [7] on 
the characterization of the almost-planar transition fronts with constant direction and position 
of the order Cft. 

Let a and f3 be two given real numbers such that 

< a < 0- < 9 + < (3 < 1, (3.5) 

where we recall that 9 ± are defined in (11.31) . From the previous observations and from Defini- 
tion [TH there is M > such that 

x-e-Et<-M =>- B<u(t,x)<l, 
V (t, x) G R x R , I s 3.6 

' x ■ e - & > M < u{t, x) < a. y ' 



Therefore, with the notations used in the proof of Lemma [37TI one infers that, for every to G R 
and x G R N , 

v p (0, x ■ e - & + M) < u(t , x)<v a (0,x-e- & - M). 

Thus, 

v p {t -t ,x-e-£ t0 + M)< u(t, x) < v a (t -t ,x-e-Ct - M) (3.7) 

for all t > to and x G M. N , from the maximum principle. 

On the other hand, from (jl.2p and the existence of a planar front (c/,0/) solving (II ,5p . it 
follows from [29j that there exist two real numbers £ = £(/, /?) and £ = £(/, «) depending only 
on f, a and /3, such that 

sup |u^(s, w) — — c/s + £)| + sup \v a (s, y) — (j)f(y — CfS + £) — >• as s — )■ +oo. (3.8) 
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In particular, since oo) = 1 and 0j(+oo) = 0, there exist T > and A > such that, for 
all s > T, 

T^g(s,j/)>a if 2/ <c f s- A, 
v a (s,y) < (3 iiy>c f s + A. 

Together with (13.71) . it follows that, for all t < t + T < t, 

u(t,x)>a if x ■ e - & + M < c f (t - t Q ) - A, 
u(t, x) < p if x ■ e - Ct - M > c f (t - t ) + A. ^ ' ' 

Properties f)3.6p and (13.91) imply that, for all t < t + T < t, 

& - M + Cf (t -t ) - A < 6 + M and £ to + M + c f (t - t ) + A > £ t - M. (3.10) 

By fixing t = 0, one gets that lim sup to _ i> „ 00 |£t — cjt \ < |^o| +2M+A. For any arbitrary t £ R, 
letting to — — oo in (13. 10[) then leads to 

\Ct-c f t\ < |&| + 4M + 2A 

Therefore, Definition 11.11 together with (13.41) implies that our solution u : R x W — > (0,1) 
of (11.11) satisfies 

inf u(t,x) — > 1 and sup u(t,x) — )• as A — > +oo. 

(t,x)£RxR N , x-e-c f t<-A (t,x)mxR N , x e-c f t>A 

It follows finally from Theorem 3.1 of [7] and the uniqueness of the planar fronts that there 
exists £ G M such that u(t,x) = <f>f(x ■ e — cjt + £) for all (t,a;) e R x R^. The proof of 
Proposition 12.21 is thereby complete. □ 



3.2 Planar and almost-planar transition fronts 

In this section, we show that, without assuming a priori the existence of a one-dimensional 
planar front (cf,<f)f) solving (jl.5p . the existence of an almost-planar transition front connec- 
ting and 1 for problem (II. ip in ~R N actually implies (and is then equivalent to) the existence 
of such a one-dimensional planar front (c/, 0/), at least for a C 1 ([0, 1]) dense set of functions /. 
Namely, we prove the following result. 

Proposition 3.3 For any C 1 ([0, 1]) function f satisfying (II. 2p and for any e > 0, there is 
a C 1 ([0, 1]) function f £ satisfying (ll.2p such that \\f — feWc 1 ^,!}) — £ and for which the following 
holds: if (and only if) there exists an almost-planar transition front u connecting and 1 for 
problem (II. ip with f e , then there exists a planar front (c/ e ,0/ e ) solving (11.51) . and then u is a 
planar front of the type (12.11) . with f e instead of f . 

Proof. Let / be any given C 1 ([0,1]) function satisfying (11.21) and let s > be arbitrary. 
Firstly, it is straightforward to check that there is a C 1 ([0, 1]) function g satisfying (II .2p and 

11/ - g\\cmo,i]) < 7^7 
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and for which there exist k G N and some real numbers 



o = e < e 1 < ■ ■ ■ < 2fe _i < e 2k = 1 

with 

' 0(0j) = for all < i < 2k, 

g < on (6 2 i, 2 i+i) for all < i < k - 1, 

3>0on (0 2 i+i, 9 2i+2 ) for all < % < k - 1, (3.11) 

#'(0 2i ) < for all < i < k, 

g'(0 2l+1 ) > for all < i < k - 1. 

In particular, the restriction of the function g on each interval [9 2i , 6 2 i +2 ] is of the bistable type. 
Notice also that 

Q- = 9 X and 9 + = Q 2k _ x (3.12) 

for this function g, with the notation ( II . 3 [) . 

As far as the existence of a planar connection (c g , <j) g ) between and 1 for this function g 
is concerned, two and only two cases occur, as follows from Fife and McLeod (29] : 

• (a) either there is a (unique) planar front (c g , (p g ) solving (jl.5p with g in place of /, 

• (b) or the pair (c g , 4> g ) does not exist and there exist some integers / G {2, • • • , k} 
and = io < i\ < • • ■ < %i = k such that there exists a (unique) planar front ( / yj,fj) 
connecting 2 i j _ 1 and 8 2 i j for g and for every 1 < j < I, with 

7i > 72 > • • ■ > li-i > li- 

The fact that tpj connects 2 i-_ 1 and 8 2 i- with the speed jj for the function g means that 
the pair (jjjifj) solves (11. 51) with the limits oo) = ^ and ipj(+oo) = 2ij _ 1 , and 
with (7 i; </?i, 5 1 ) in place of (c/, 0/, /). 

In case (a), we simply set f e = g and the conclusion of Proposition 13.31 follows trivially, 
since there is a planar connection (cj e ,0/ e ) solving ( II. 5p with the function f E . 

Consider now the case (b). As it follows from [2"9"| 157] , for every 1 < j < I, there is a real 
number t]j > such that for every 

g G Bj := {g G C 1 ([9 2ij _ 1 ,9 2ij }); \\g - gWc^.^fi^]) < Vj, 9^2^) = g{0 K .) = o} 
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there is a unique real number 7 which is the speed of a planar connection between ^ 
and #2i for the function g; furthermore, the map g t— > 7 is continuous in Bj endowed with 
the C 1 {\6 2 i j _ 1 ,6 2 i j \) norm and, if g and g belong to Bj and satisfy g <^ ^ in [92i j _ 1 ,02i j ], 
then the corresponding speeds satisfy 7 < 7. Pick some arbitrary points xj G {9 2 i J _ 1 ,9 2 i j ) for 
every 1 < j < I. By slightly changing the function g locally around the points Xj (namely by 
adding or subtracting some small nonnegative C 1 functions supported in some small neighbor- 
hoods of Xj), one infers straightforwardly that there is a C 1 ([0, 1]) function h satisfying (11. 2p 
with h instead of /, satisfying (13. lip with h instead of g, such that 

e 

\\g - /i||cn([o,i]) < 2' 
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and for which there are some planar fronts (7,, ifj) connecting # 2i ._ 1 and Q<ii for the function h 
and for every 1 < j < I, with 

71 > 72 > • • • > 7/-1 > 7«- 

Finally, we will see that this last situation is incompatible with the existence of an almost- 
planar transition front connecting and 1 for problem ( 11 . ID in Mr with h in place of /. This 
will lead to the desired conclusion of Proposition 13.31 Assume on the opposite that there is 
such an almost-planar transition front u in the sense of Definition 12.11 Let 0<a</3<lbe 
given as in (I3.5P with the notation (I3.12p . and let Vg and v a be the same as in the proof of 
Proposition 12.21 with the function h instead of /. Observe now that the proof of Lemma 13.11 
does not use the existence of a planar front solving (11.51) . Hence, Lemma I3TT1 and Corollary 13. 21 
hold, that is e f = e is a constant vector, and one can also assume without loss of generality 
that all properties (13. 3j) , fl3.4j) . (13.61) and (13. 7p hold with the functions Vg and v a . On the other 
hand, it follows from [29] that, instead of (l3.8p PI there exist some real numbers <£\ and £j for 
every I < j < I, such that 

_sup \v B (s,y) 

2/<(7i+7i_i)s/2 

sup \v_/3( s ,y) 

(7j +7 J+ i )s/2<y< ( 7j +7j-l)8/2 

sup \vp(s,y) 
y>(n+i2)s/2 

and 

sup \v a (s,y) 

?/<(7i+7i-i)s/2 

< sup \v a (s,y) 

(li +7i+i)s/2<j/< +7i-l)s/2 

sup |t7 (s,J/) 

3/>(7!+72)s/2 

In other words, the one- dimensional functions and w a expand as an ordered family (or a 
terrace, with the terminology used in a more general framework in [22]) of traveling fronts 
with ordered speeds. Since u is trapped between some finite shifts of and v a from (13.71) . 
this will be in contradiction with the uniform boundedness of the transition zone where u is, 
say, between a and (3. Indeed, owing to the aforementioned properties of the fronts (jj,<fj), 
there exist then some real numbers T > and A > such that, for all s > T, 

Vp{s, y) > 0j = 9- > a if y < 7^ - A, 
v a (s, y) < 9 2k -i = + < (3 if y > 7,5 + A 

Together with property ( 13. 7p applied with t = 0, one infers that, for all t >T, 

u(t, x) > a if x ■ e — £ + M < jit — A, 
u(t, x) < (3 if x ■ e - Co - M > j x t + A. 

2 This was the place where the existence of (c/, 4>A played a role in the proof of Proposition ^. 21 



<Pl{V -li8 + t)\ — > 

— 1 ' s— >+oo 



Vj(y - ij s + L) — ► for ever y 2 < j < / - 1, 

J 1 S— i- + 0O 



<pi(y - lis + L)\ — > 



<pi{v - us + — 7 0, 



" - 7jS + 6) — >• for every 2 < j < I - 1, 

J 1 s— >+oo 

£i(j/-7i* + fi)| — ► °- 
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With fl33D, it follows that 

£o - M + 7 X t - A < £ t + M and £ + M + 7j< + A > & - M 

for all t > T. This leads to a contradiction as t — > +00, since 71 > 7. 

Therefore, in case (b) for g, we set f £ = h and the conclusion of Proposition 13.31 follows 
since in this case there is no almost-planar transition front connecting and 1 for problem (11. lft 
with the function f £ . □ 



Although the statement of Theorem 12.51 looks similar to that of Proposition 12.21 the proof is 
much more involved, not to mention that it requires necessarily that the planar speed Cf be 
nonzero, as emphasized in Section 12.11 The proof is based on a series of auxiliary lemmas 
establishing some bounds on the largest and/or smallest positive and/or negative parts of the 
positions £j )f given in (12. 2p of the interfaces along the direction e t = e (the direction e t is easily 
seen to be independent of time). The bounds on the positions rely crucially on the fact that 
the one- dimensional solutions of the Cauchy problem associated to (11.11) in R with compactly 
supported initial conditions being above + on a large set spread at the speed c/ if c/ > 0. 

Let u be as in the statement of Theorem 12.51 and assume that c/ ^ 0. Let u, g and <fi g be 
the functions defined by 

u(t, x) = l- u(t, x) for all (t, x) G R x R^, g(s) = -f(l - s) for all s e [0, 1] 

and 4> g (x) = 1 — (pf(—x) for all x G R. The function u obeys the equation ( 11.11) with g instead 
of /, while 4> g {— 00) = 1 > (j) g {x) > 5 (+oo) = for all x G R and 



with c g = —Cf. Therefore, even if it means replacing u by u, f by g and c/ by —Cf = c g , one 
can assume without loss of generality that c$ > 0. 

Definition II. II and the assumptions made in Theorem 12.51 imply that, for every t G R, both 
sets flf and contain a half-space. Therefore, up to changing e t into — e t , one can assume 
without loss of generality that condition (I3.3P is fulfilled for every t G R. It follows then from 
Corollary 13.21 that e t = e is a constant vector and that (13. 3p holds with e t = e for every t G R. 

Even if it means reordering the real numbers ^ given in (12.21) . we denote, for every t G R, 



3.3 Proof of Theorem [231 



<f ) , ; + c g <f ) ' g + g( ( j )9 ) = 0mR 




(3.13) 



i=l 



with JijGi and £1^ < ■ ■ ■ < I n particular, 



ttf 3 {x e M N ; x-e< Ci,t} 



and 



Q; D {xgR^; x-e>£n t ,i}- 



(3.14) 
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In the following lemmas, we show some estimates for the positions (along the vector e) of the 
leftmost and rightmost interfaces and £ nt! t, as well as £f defined in (13. 191) below, as t — > — oo. 
These estimates are based in particular on the spreading properties of the solutions of the 
Cauchy problem associated to (11. ip in R with sufficiently large initial conditions. They also 
use the fact that, from Definition II. 1[ in some not-too-far neighborhoods of the hyperplanes T t , 
there are big regions where u is close to and other ones where u is close to 1. Finally, putting 
together all the estimates, we show that the solution u has essentially one interface, that has 
to move with the speed Cf, and then the solution u has to be a planar front. 

Lemma 3.4 There holds 

liminf [Cn t ,t ~ c ft) > an d limsup (£1^ — Cft) < +00. 



t— >— 00 



Proof. Assume that the first conclusion is not satisfied. Then there is a sequence (t k )k& of 
real numbers such that 

tf. —> —00 and in tk ,t k — Cftk — > —00 as k — >■ +00. 

Let a G (0,6* _ ) be given, where we recall that 9~ is defined in (ll.3p . From Definition 11.11 
and 03.14p . there is M a > such that 

u(t, x) < a for all (t, x) G R x R N with x-e- £ nt>t > M a . 

Therefore, definition ( 13. 2ft of v a yields 

u(t k , x) < v a (0, x-e- £nt k ,t k - M a ) for all x G R N , 

whence 

u(t, x) <v a (t-t k ,x-e- i mk ,t k - M a ) for all x G R N 
and for all t > tf.- For any fixed (£, x) G R x R , since 

lim t k = lim (Cn th ,t k ~ c f t k ) = -00, 

it follows then from the existence of a planar front (c/,0/) and from ( 13.8ft that, for 
some f = !(/, a) G E, 

w(t,x) < limsup 4> f (x - e - £ ntk ,t k - M a - c f (t - t k ) + 1) = 0/(+oo) = 0. 

This is impossible, since, as already emphasized in the introduction, it is assumed to range in 
the open interval (0, 1). 

Similarly, if there is a sequence (t k )keN of real numbers such that tk — > —00 



x 



oN 



and £1^ — Cjt k — >■ +00 as — >■ +00, one would get that u(t,x) > 1 for all (t,x) G 
which is ruled out. Finally, limsup^^^ (£1^ — c/t) < +00 and the proof of Lemma I3T41 is 
thereby complete. □ 
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Let us now introduce a few additional useful notations. Let (3 be any given real number 
such that 

9 + < f3 < 1, 

where we recall that 6 + is defined in (11.31) . Due to the existence of a planar front (cf,<f)f) 
solving ( II. 5p with Cf > 0, it follows from [2H] that there are A > and a G E such that the 
solution w of the Cauchy problem 

w t = Wyy + f(w), t > 0, y eR, 

with initial condition 

, n J (3 if \y\ <A, 
^ if |y| > A, 

is such that w(t, y) — > 1 as t — > +oo locally uniformly in y G E, and moreover 

sup y) — (j)f{y — CfS + a) — (j)f(—y — CfS + a) + 1 — > as s — > +oo. (3.16) 



From Definition 11.11 there is Mp > such that 

V(t,x) G E x (x G fi+ and d(x,r t ) > Afy) =>- (/3 < u{t,x) < l). (3.17) 

Without loss of generality, one can assume that Mp > A. From condition fll.QI) . there is 
then r > such that 

Vt G E, Vi G r t , 3y G |y - x| < r, d(j/,r t ) > 2M /3 . (3.18) 

Lastly, let £^ be defined in [— oo, +oo] as 

£7 = sup {x • e; x G T t , x ■ e < 0} and £ t + = inf {x • e; x G r 4 , x • e > 0}. (3.19) 

If £i,t < (this holds for t negative enough from the previous lemma), then £7 is a real number 
and £7 = £ n - t for some 1 < n7 < n t , otherwise £7 = — oo. If £ nt>< > 0, then £ t + is a real 
number and £ 4 + = £ n + t for some 1 < nf < n t , otherwise £+ = +oo. 

Lemma 3.5 One has 

limsup (£7 — Cft) < +oo, liminf (ff + Cft) > — oo (3.20) 

and there is T\ G E suc/i t/iat 

fir D{i£l ff ; 6" < x • e < £+} =: £ t (3.21) 

for all t < Ti . 

Proof. Assume first that limsup t ^._ (X) (£7 — Cft) = +oo. Then there is a sequence (tk)ken of 
real numbers such that 

tk — >■ — oo and £7 — c/t/t — > +oo as A; — > +oo. 
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Since £ t G [—00, 0] for all k G N and since £ tfc — Cft k — > +00 as — > +00, one can assume 
without loss of generality that £r G M and 

x - e = £ t " } C I\ for all fcGN. 

For every fceN, let now x k = £T e e ^t k an d, from (I3.18p . let y k G f2j such that \y k — x k \ <r 
and r tfe ) > 2Mp. Set u k = y k ■ e. There holds 

ft" - r < w fc < ^~ + r for all fceN. (3.22) 

Furthermore, since B(y k ,2Mp) C fij and T tk = |J 1<i<n {x G ~R N ; x ■ e = £i,t k }, it follows 
that 

{x G M^; w fc - 2Mp < x ■ e < co k + 2Mp) C fi+ for all fceN. 
Property (13 . 1 T[) implies that, for every k G N, 

u(t k , x)> (3 for all x G such that u k - Mp < x ■ e < u k + Mp. (3.23) 

The definition of w(0, •) in (13. 15ft and the inequality Mp > A yield u(t k ,x) > w(0,x ■ e — u k ) 
for all x G M^, whence 

u(t, x) > w(t — t k , x ■ e — cu k ) for all t > t k and x G M. N , 

for every fceN. For any fixed (t, x) G M x R^, one gets from ( 13.161) that 

u(t, x) > limsup ( (j)f(x ■ e — u k — Cf(t — t k ) + a) + 4>f(—x ■ e + u k — Cf(t — t k ) + a) — 1 j . 

fc— >+oo ^ ' 

Notice now that uj k — Cft k — > +00 as k — >■ +00, since £ t ~ — Cft k — > +00 as k — > +00 
by assumption and since the sequence (u k — £tl)fceN is bounded from (13. 22[) . On the other 
hand, since fr~ < < Cf and t k — > — 00 as k — > +00, one gets that fr + cyt^ — > —00 
and 0;^ + Cft k — y —00 as k — > +00. Finally, 

4>f(x ■ e — u k — Cf(t — t k ) + cr) — >■ </>(— 00) = 1 as & — > +00 

and 

4>f(—x ■ e + u k — Cf(t — t k ) + cr) — >• 0(— 00) = 1 as A; +00, 

whence u(t,x) > 1 for all (t, x) e 1 x W N . One has then reached a contradiction. There- 
fore, limsup^.^ (£ t ~ - c/t) < +00. 

Similarly, if one assumes that there is a sequence (t k ) k& ^ of real numbers such that t k — > — 00 
and £jf + Cyt^ — > —00 as & — >■ +00 (which would imply in particular that < £jf < +00 for 
large enough), one would get a similar contradiction (one can also apply the previous result 
to the function (t, x) i-» u{t,x), where x = x — 2{x ■ e)e denotes the image of a point x by 
the orthogonal symmetry with respect to the hyperplane orthogonal to e and containing the 
origin) . 

From Lemma I3.4[ it follows in particular that £1^ — > —00 as t — > —00. Hence, there 
is T G M such that, for all t < T , G (— 00, 0] and either E t C Vtf or E t C , under 
the notation given in ( I3.2ip . Assume now by contradiction that there is a sequence (tfc)fc S N of 
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real numbers such that tk — > — oo as k — > +00 and i?^ C for all k G N. Then ( 13 .20 j) and 
Definition 11.11 imply in particular that 

inf u{t kl x) -> 1 as -> +00. 

x&R N , \x-e\<A 

Therefore, for k large enough, u(tk, x) > w(0, x-e) for all x G M N , whence u(t, x) > w(t—t k , x-e) 
for all t > tk and x G M^. Finally, for any fixed (t, x) G M x K. , one would get that 

w(t, x) > limsup (0/(x ■ e — Cf(t — t k ) + cr) + 4>f{—x ■ e — c^(t — t fc ) + <r) — 1 ] = 1 

since t& — > —00 as k — > +00. A contradiction has been reached, and the desired conclu- 
sion f)3.2ip follows for —t large enough. □ 

The following lemma is one of the key-points in the proof of Theorem 12.51 It states that it 
the positions £ t + are far on the right of the (very positive) position c/|t| along the direction e, 
at least for a sequence of times t k converging to —00, then they are actually pushed to +00 and 
the solution u has no interface far on the right of the (very negative) position Cft as t — > —00. 

Lemma 3.6 // lim sup t ^_ oc + c/t) = +00, then there are T 2 G K., 5 > and 5el such 
that 

u(t, x)<5 e -s(x-e-c f t-B) j Qr aR t < T2 an d x . e >c f t + B. (3.24) 

Remark 3.7 With the same arguments as in the proof of Lemma 13. 6^ one can get the fol- 
lowing result, which we state in a remark since it will actually not be used in the sequel: 
if liminf^.oo — Cft) = —00, then there are T' 2 G M., 5' > and B'gR such that 

u(t, x) < 5' e 5 '^ e+c /*+ B ') for all t <T' 2 and x ■ e < -c f t - B' . 

The proof of Lemma 13.61 is quite lengthy and is postponed in Section 13.41 We prefer to go 
on the proof of Theorem 12.51 with the following lemma. 

Lemma 3.8 // there is a sequence (t k )keN of real numbers such that t k — > — 00 as k — > +00 
and lim inf fc_j. +00 (£Z.~ c ftk) > _ 00 (resp. limsup fc ^. +00 (£ t + +C/tfc) < +00), then there is r] GK 
such that 

u(t, x) > (f)f(x ■ e — Cft + 77) (^resp. u(t, x) > 4>f(—x ■ e — Cft + 77) j 

for all (t,x) G R x R N . 

Since 00) = 1 and u(t, x) — > as x ■ e — >• +00 for every t G R by (I3.14p . the following 
corollary follows immediately. 

Corollary 3.9 There holds £ 4 + + Cft — > +00 as t — > —00. 
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Proof of Lemma 13.81 Let (tfc)fceN be a sequence of real numbers such that t k — > — oo 
as k — > +00 and liminf^ +00 — Cftk) > —00. It follows then from Lemma 13.51 that the 
sequence (£ t ~ — Cftk)ken is bounded. As in the proof of Lemma 13.51 there are r > and 
a sequence (uk)keN in R such that f)3.22j) and (13.231) hold, whence u(tk,x) > w(0,x ■ e — u k ) 
and u(t,x) > w(t-t k ,x-e-u k ) for all k G N, t > t fc and 2 G R^. For any fixed (t, 2) G RxR^, 
one infers that 

u(t, x) > limsup [(j)f(x ■ e — u k — Cf(t — t k ) + a) + 4>f(—x ■ e + u k — Cf(t — t k ) + cr) — 1 j . 

fc— >+oo ^ ' 

Since the sequences (£i~ — Cft k ) ke ^ an d ( w fc — ^TjfceN are bounded, so is the sequence (co k —Cft k ) k£N 
and one can assume, up to extraction of a sequence, that there is a G R such that u k — Cft k — > cr 
as k — > +00. On the other hand, u k + Cft k = ujk — Cft k + 2cft k —> — 00 since tk —> —00 
as k — > +00. Finally, one concludes that, for any fixed (t, x) G R x R^, 

u(t,x) > </>f(x ■ e — cjt + cr — a) + <f>f(— 00) — 1 = • e — c/t + a — a), 

which gives the desired result with 77 = o — a. 

Similar arguments imply that, if lim sup^.,.^ (ft + Cft k ) < +00 for some sequence (t k ) ke ^ 
converging to —00, then u(t, x) > (f)f(—x ■ e — Cft + 77) in R x R^ for some 77 G R. □ 

With all the previous lemmas, we are now ready to finish the proof of Theorem 12.51 

End of the proof of Theorem 12.51 First, Lemma 13761 and Corollary 13 . 91 provide the existence 
of some T 2 G R, 5 > and B G R such that (l3~24jl is satisfied. 
We shall now prove that 

limsup {in u t — Cft) < +00. (3.25) 

t— >— 00 

Assume not. There is then a sequence (t k ) keN of real numbers such that t k — > —00 
and £ nt ,t k — Cft k +°° as k — > +00. Denote x k = £ nt ,t k e - As in the proof of Lemma 1331 
there are r > and a sequence (y k )km i n ^ N such that 

y k G Qt k , \y k -x k \ <r and u(t k , y k ) > ft for all k G N. 

But the sequence (yk ■ e — £ nt ,t k )keN is bounded, whence yk ■ e — Cft k — > +00 as fc — > +00. 
Therefore, < T 2 and yk ■ e > cjtk + B ioi k large enough. Finally, (13.241) yields 

«(**,!/*) KSe-'to-*-'*- 3 ) 

for /c large enough. The right-hand side converges to as k — > +00, whereas the left-hand side 
is bounded from below by f3 > 0. One is led to a contradiction, and (I3.25P is proved. 

Notice that (13.251) implies in particular that ^ nut < 0, £ f + = +00 and £ t ~ = £ reti t for t 
negative enough. Furthermore, together with Lemma I3.4[ one obtains that 

limsup £i~ — c/t = limsup \£ nt ,t — c ft\ < +00. (3.26) 

t— >— 00 t—^—00 

Lemma 13.81 provides then the existence of a real number 77 such that 

u(t, x)>(f) f (x-e- c f t + 7/) for all (t, x) G R x R^. (3.27) 
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On the other hand, (I3.26P also yields the existence of a real number £ and a sequence of 
real numbers (t k ) k£ ^ such that t k —> — oo and Cn t ,t k — Cft k — > £ as k — » +00. As in the proof 
of Lemma [3.41 there are then a G (0, 9") and M a > such that 

u(t k ,x) <v a (0,x-e- £n tk ,t k ~ M a ) 

whence u(t,x) < v a (t — t k ,x ■ e — £, ntk ,t k — M a ) for all k G N, t > t k and x G M. N . 
Since v a (s,y) — (f)f(y — CfS + £) — » as s — > +00 uniformly in y G R, for some £ G R, 
one infers that, for any fixed (t, x) G R x R^, 

w(t,x) < limsup0/(x • e - U tk ,t k - M a - c f (t - t k ) + £) = • e - c/t - £ - M a + £). 
As a conclusion, 

• e — c/t + 77) < u(t, x) < (pf(x ■ e — Cft + rf) 

for all (t, x) G R x R^, with 77 = £ — £ — M a . As in the end of the proof of Proposition I2.2[ 
Theorem 3.1 of [7] yields the existence of a real number £ such that 

u(t, x) = (f) f (x ■ e - c f t + £) for all (t, x) G R x R^. 

The proof of Theorem 12.51 is thereby complete. □ 

Remark 3.10 It is immediate to see that the conclusion of Theorem 12.51 still holds even if the 
family of integers (n t ) tG ^ appearing in (13.131) is not bounded. In other words, if C/ 7^ and 
if u satisfies all assumptions of Theorem 12.51 with the exception of (11.101) and the boundedness 
of n t in 

r f = |J {xGR^; x-et = £ M }, 

l<i<nt 

then u is still a planar front of the type u(t, x) = <f>f(x ■ e — Cft + £) for all (t, x) G R x M N , for 
some unit vector e of R^ and some real number £. 

3.4 Proof of Lemma 13.61 

Let (tfc)fceN be a sequence of real numbers such that 

t k — > —00 and & + Cft k — > +00 as k — >■ +00. (3.28) 

Without loss of generality, one can assume in particular that 

£t + c/tfc > for all k G N. (3.29) 

The strategy of the proof consists in constructing a sequence of supersolutions of (II. ip which 
are approximately of the type S e - s ( x - e ~ c f t ~ B ) _|_0^(_ x . e _ c ^(7;_7; fc ) + £ 4 +) (plus some shifts and 
some small exponential terms, as in the original proof of Fife and McLeod [29]) for t k < t < T2 
and x-e — Cft > B. The parameters T2 G R, 5 > and B G R will be chosen independently of 
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The passage to the limit as k — > +00 in the supersolution will provide the desired conclusion, 
since + Cft k — > +00. 

Let us first choose some parameters. Remember that f'{0) and f'(l) are negative. Let 5 > 
be such that 

0<5<rmn(l,ffl,^l), f < ^ on [0, 36} and /' < ^ on [1 - 6, 1). (3.30) 

Let C > be such that 

(pf > 1 — 5 on (—00, — C] and 0/ < 5 on [C, +00). (3.31) 

Since <p'j is negative and continuous on R, there is k > such that 

-<f>' f >K>0on[-C,C}. (3.32) 

Set L = max[ 01 ] \f'\ and let a; > such that 

kuj>L + 5 and nuCf>L + 5 2 (3.33) 

(remember that c/ is assumed to be positive in the proof of Theorem 12. 5[ without loss of 
generality). From Definition 11.11 and Lemma [3.5[ there are T 2 < and B > such that 

c f t + B < -c f t -2B -B for all t < T 2 , 
w(t, x) < 5 for all t < T 2 and c/t + 5 < x • e < £ t + — 5, 

and 

c/t + 2(w + B + C) < for all t < T 2 . (3.35) 

Without loss of generality, one can assume that t k < T 2 for all k G N. For all k G N 
and (t, x) G R x R^, let us now set 

u k {t,x) =min (j) f (C k (t,x)) +5e- 5(xe " c ^" B) +5e- <5(i - ifc) ,l), 

where 

£ fc (i, x ) = -x . e - Cf (t - t k ) + £+ + w e -*(*-**) - w - w e 5 ^ - B - C, 

under the convention that ( k (t,x) = +00 and u k (t,x) = mm (5 e~ 5 ( x ' e ~ Cft ~ B ^ + (5e _<5 ^~* fc \ l) 
if £j£ = +00. Let us check that u k is a supersolution of the equation (11.11) satisfied by u, in 
the set 

£ k = {(t,x) G R x R N ; t k <t<T 2 , x-e> c f t + B}. 

In what follows, k denotes an arbitrary integer. At the time t k , if follows from f)3.34p and 
the definition of u k that 

u(t k , x) < 5 < u k (t k , x) for all x G R^ such that Cft k + B < x ■ e < £t — B. 

On the other hand, if x ■ e > £t — B, then ( k (t k , x) < — oj e 5cftk — C < —C, whence 

u k (t k , x) > mm (4> f (( k (t k , x)) + 5,1) > mm ((1 - S) + 5, l) = 1 > u(t k , x) 
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due to the first part of (I3.3ip . The above calculation holds whether £ t + and £ k (t,x) be real 
numbers or equal to +00. As far as the boundary condition is concerned, if t k < t < T 2 
and x ■ e = Cft + B, then 

u(t, x) < 5 < u k (t, x) 

from (13.341) and the definition of u k . 
Let us then check that 

N k (t,x) := u k (t,x) — Au k (t,x) — f(u k (t,x)) > for all (t, x) G £ k such that u k (t,x) < 1. 

This will be sufficient to ensure that u k is a supersolution of fll.lD in £ k , since /(l) = 0. 

In this paragraph, (t,x) denotes any point in £ k such that u k (t,x) < 1. From (11.51) . it is 
straightforward to check that 

N k (t, x) = f(MCk(t, x))) - f(u k (t, x)) - u5(e- s ^ + C/ e fc '*) x)) 

+5 2 ( Cf - 5) e S(-e-c f t-B) _ 6 2 e -S(t-t k ) 

> /(MaM)) ^ 

_^ e ~&{xe-c f t~B) _ fi2 e -5(t-t k ) 

whether £ t + and ( k (t, x) be real numbers or equal to +00. If ( k (t, x) < —C, then ( I3.3ip implies 
that 

1-5 < 4>f((k(t, x)) < u k (t, x) < 1, 

whence 

from (13.301) . and thus 

N k ( t , x ) > 5 - 5 2 ) e -*(*-e-=/*-B) + S (^y^ - 5) e~ s ^ > 

from (I3.30p and the negativity of 4>'f- Similarly, if ( k (t,x) > C, then <pf(( k (t,x)) < 5. Thus, 

< <p f (( k (t,x)) <u k (t,x) < 35 

and 

f(MCk(t,x))) - f(u k (t,x)) > (5 e- 5 ^-^ + 5 e- s ^) 

from ( 13.301) . whence 

Nk{tiX ) > 5 p££°) - 5 2 ) e-^-c s t~B) + 5 (zlM _ e ^t-t k ) > Q) 

again from ( I3.30P and the negativity of cf)'j. 

Finally, if (t, x) G £ k is such that u k (t,x) < 1 and — C < ( k (t,x) < C, then (I3.32p yields 

-</>' f (( h (t,x))>K>0, 

while 

f(MCk(t,x))) - f(u k (t,x)) > -L ( Se -^-Cft-B) + 5e -^)). 
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Therefore, 

N k (t,x) > 5(ku-L-5) e' 5 ^-^ + ^wcje^' - (L + 5 2 ) e -s{*-e-c f t-B)j 
> 5(ku c f e 5 ^ - (L + 5 2 ) e- 5 ^"-^-^) 

from (13.331) . On the other hand, the inequality Ck(t,x) < C implies that 

x-e-Cft-B > -2c f t + Cft k + £t k +we" iH) - u - u e Sc f f - 2B - 2C 
> -2c f t-2(uj + B + C) 

from (ET291 and the fact that t < T 2 < 0. Thus, 

—5{x ■ e — cjt — B) < 25c f t + 25(co + B + C) < 6c f t 

from (13.351) . whence 

N k (t, x) > 5 (ku Cf — L — 5 2 ) e 5 ^ 4 > 

from (Km . 

As a conclusion, for every k £ N, the function u k is a supersolution, in the set £ k , of the 
equation (11. ip satisfied by u. The maximum principle implies that 

u{t, x) < u k {t, x) < (j) f (( k {t, x)) + 5 e -^-e-c f t-B) + s e -8(t-t k ) (3.36) 

for all k e N and (t, x) £ As a consequence, for any fixed (t, x) £ R x such that t <T 2 
and x ■ e > c/ + B, one has (t, x) £ £ k for large enough, while t k —> -co and ( k (t, x) —> +00 
as k — 7- +00 from our assumption (13.281) . Passing to the limit as k — > +00 in (I3.36P gives 

U{t,x) < & e S(*-*-Cft-B) 

for all t < T2 and x ■ e > Cf + B. The proof of Lemma [3.61 is thereby complete. □ 

4 Characterization of the global mean speed of transi- 
tion fronts 

This section is devoted to the proof of Theorem 12.61 on the existence and the uniqueness of the 
global mean speed of the transition fronts connecting and 1 for problem (ll.ip . The general 
idea can be summarized as follows. Any such transition front u is above 9 + (resp. below 6~) 
on big sets in some neighborhoods of T t , thanks to (II. 9p . We recall that < 9~ < 9 + < 1 
are given in ( 11. 3p . When c/ > 0, a solution of the Cauchy problem associated to ( II. ip with 
a compactly supported initial condition above some /3 > 9 + on a large ball spreads at the 
speed Cf in all directions. On the other hand, when the initial condition is below some a < 9~ 
on a large ball and is, say, equal to 1 outside, then the region where the solution is above a 
cannot move towards the center of the ball too much faster than Cf. These two key-properties, 
which are stated in Lemmas 14.11 and 14.21 below, will force the interfaces T t of the transition 
front u to move at the global mean speed 7 = \cf\, in the sense of ( I1.12p . 
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4.1 Two key- lemmas 

In the sequel, we fix to real numbers a and (3 as in (13.5j) . that is 

< a < 0- < 0+ < /3 < 1, (4.1) 



where ± are defined in (ll.3p . For any i? > 0, let v R and denote the solutions of the Cauchy 
problems 

(v R ) t = Av R + f(v R ), t > 0, a; G 
W( = Aw R + f(w R ), t > 0, x E 



N 

(4.2) 



DAT 



with initial conditions 



and 



v R (0,x) = { ' ' ' (4.3) 
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w R (0,x) = { 1 ' ' (4.4) 



a// 5 G (0, c/], t/iere is T £ > suc/i t/iai 

v n(t, x) > (3 for all t >T £ and \x\ < (cf — e)t (4.5) 

and, in fact, 

v R(t, •) — > 1 uniformly in {x G IR^; |x| < (c/ — as t —± +oo. (4.6) 

In the proof of Theorem 12.61 Lemma 14.11 will provide a sharp lower bound for the speed of 
the interfaces T t of any transition front of (11.11) connecting and 1. 

The following lemma, which is a kind of counterpart of Lemma 14.11 will give the upper 
bound. That is, if Cf > and if the initial condition w R (0, •) given in (14.41) is equal to (it could 
also be less than) a on a very large ball with radius R and equal to 1 outside, then the region 
where w R is above a is not filled at a speed too much larger than c/ on some interval of time 
whose size is related to the initial radius R. 

Lemma 4.2 Assume that Cf > 0. Then, for any e > 0, there are some real numbers T e > 
and R £ > (c/ + e)T £ > such that for all R > R £ , the solution w R of (14. 2p and (I4.4p satisfies 

R 

w R (t, x) < a for all T £ < t < and \x\ < R - (c/ + e)t. (4.7) 

c f + e 

Before doing the proof of these two lemmas, let us first comment and compare them with 
some existing results of the literature. Lemma 14.11 could be viewed as an analog of the one- 
dimensional propagation result of Fife and McLeod [29] used in (I3.16P in the proof of Theo- 
rem l2.51 Actually, (13 . 1 6[) is much more precise than Lemma H~T1 since (13.161) implies in particular 
that the position of any given level set of the considered solution is ±c/t + 0(1) as t — > +oo. 
Such an estimate cannot hold in higher dimension due to the curvature effects. Actually, the 
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position of the level sets of the solutions vr of fl4.2H4.3p could likely be estimated more precisely, 
but the conclusion of Lemma 14.11 will be sufficient for the proof of Theorem 12.61 

Notice also that if / is of the bistable type fll.4p and if (3 = (3f < 1 is sufficiently close 
to 1, then Lemma [4. II follows directly from Theorem 6.2 of Aronson and Weinberger [3]. The 
proof of Lemma 14.11 is inspired by [I] but the subsolutions used in the proof of Lemma 14.11 are 
different and, as such, the result is new. 

Lemmas 14. II and 14.21 also have some similarities with Theorem 2 of Chen [T5]. In [15], some 
problems with small diffusion have been considered, for bistable functions / of the type (11. 4p 
with f'(9) > 0. In this case, after scaling and coming back to (11. ip . it follows from [15] that, 
if Cf > and if R > is large, then vn(t,x) is larger than 1 — 0(R~ k ) (where k > is given) 
for t > 0(lni?) and \x\ < R + (c/ — 0(i? _1 ))t — 0(1). This latter estimate is quantitatively 
more precise than ( 14.51) for R > 0{e~ 1 ). In Lemma [4. II of the present paper, R can be chosen 
independently of e and we only need vr to be not too far from 1, without any precise rate 
of convergence, in some balls expanding with a speed close to Cf. The proof of [15] is based 
on the construction of subsolutions with nonlinearities of the type / — A. Even if the ideas 
of [15] could likely be adapted here to the case of functions / satisfying only (ll.2p together 
with the existence of a planar front (cf,<j)f), we are going to work directly with the function / 
in the proof of Lemma [4.11 As far as Lemma [4.21 is concerned, it also follows from [15] that, 
if Cf > with (ll.4p and f'{6) > 0, and if R > is large, then wn(t,x) is smaller than 0(R~ k ) 
for 0(lni?) < t < R/(2cf) and |x| < R — Cft — 0(lnR). The above pointwise estimate (14.71) . 
that is wu(t,x) < a, is less precise. However it holds until a time of the order R/cf (instead 
of R/(2cf)). In the proof of Theorem 12.61 we will actually need the estimate (14.71) on a time 
interval of the order R/cf, in order to show that the global mean speed of any transition front 
for problem (II. ip exists and is exactly equal to Cf. 

Finally, even if Lemmas 14.11 and 14.21 have some similarities with [U [15], the assumptions 
and conclusions are different and, as such, the statements and the proofs are new to the best 
of our knowledge. Let us now turn to the proofs. 

Proof of Lemma 14.11 We assume here that Cf > 0. Observe first that (14. 6 p is clearly 
stronger than (14.51) . The strategy to prove (14. 6p is to construct some radially symmetric 
subsolutions in W N of the type 0/(|x| — (c/ — e/2)t — R) plus some exponentially decaying 
terms, for < e < Cf. In doing so, the solution vr will be close to 1 inside the balls of 
radii (cf — e)t as t is large. 

Step 1: choice of some parameters which are independent of e. As in the proof of 
Lemma I3.6| we first introduce some parameters which are independent of e. Let 5 > be 
chosen such that 

0< , <min ( 1 ,mm), f <m mM and r <ffi> on[1 _ 2M . (4 . 8) 

Since fi'As) ~ -ere 113 ass-> — oo with a > and /i = (-c/ + (cj - 4/'(l)) 1/2 )/2 > 0, one can 
choose C > so that (I3.3ip holds together with 0^ < on (— oo, — C], that is 

(j) f > 1-6 on (-oo,-C], (p'j < on (-oo, -C] and <p f < 5 on [C, +oo). (4.9) 

Let k > be chosen as in ( I3.32p . that is — 4>'f > k on [— C, C], and let u > be such that 

kcu>L + 5, (4.10) 
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where L = max[ 0| i] |/'|. 

Let Q/3 be the solution of the ordinary differential equation g'At) = f(gp(t)) with initial 
condition gp(0) = (3. Since (3 G (9 + , 1), there holds gp(t) — > 1 as t — > +oo, and there is T > 
such that Qp{T) > 1 — 5/2. It follows from the maximum principle that 



< Qp(T) - v R (T,x) < / e-^dy 

[Atti yy^ j\ \ >R 



'\y\l 

for all R > and x G R*. Therefore, if < B < R and \x\ < R - B, one infers that 

e LT r \*\ 2 
< Qp(T) — v R (T,x) < / e-^rdz. 

{Alii )'y z j lzl > B 

Thus, there exists B > such that, for all R > B and \x\ < R — B, Qp(T) — Vr(T,x) < 6/2, 
whence 

v R (T, x) > Qp{T) - - > 1 - 6 for all R > B and \x\ < R - B. (4.11) 

Step 2: choice of some functions h £ which depend on e. It is elementary to check that, for 
every e > 0, there is a C 2 function h £ : [0, +oo) — > 1R satisfying the following properties: 

' < h' £ < 1 on [0,+oo), 
h' e = on a neighborhood of 0, 

h £ {r) = r on [iJ e , +oo) for some > 0, (4-12) 

(N - l)h'(r) lllf . £ 
^ £l ; + ^'(r) < g on [°> +°°)- 

Notice in particular that, necessarily, 

r < h £ (r) < r + h e (0) for all r > 0. (4.13) 

S'tep 3: proof of (14. 6 p w/ien Cf/2 < e < Cf. To do so, it is sufficient to show that (14.61) holds 
with e = Eq := Cf/2 > 0, for some R > 0. Let us set 

R = B + H £0 +cu + 2C > B > 0. (4.14) 

We will see that the conclusion of Lemma 14.11 holds for all < s < c/ with this value of i? 
(notice that R is independent of e). Let us show in this step that (14 .6p holds with e = e . For 
all (t,x) G M x R N , we set 

w(t,x) =maxU f (((t,x)) -5e" 5( *" T) ,o), (4.15) 

where 

C(t,x) = h £0 (\x\) - (c f ~ £ {){t- T) -,e^ s ^ - H £0 - C. (4.16) 

Let us then check that y_ is a subsolution for the problem satisfied by v R , for t > T and x G R . 
First, at the time T, it follows from (14. lip . ( I4.14p and the definition of v that 

v R (T, x)>1-5> v(T, x) for all \x\<R — B. 



32 



On the other hand, if \x\ > R - B, then h £o (\x\) > \x\ > R - B = H £o + to + 2C from (l4~T3j) 
and dHHD, whence ((T,x) > C and 

v(T, x) = max (0/(£(T, x)) — 5, 0) < max (5 — 5, 0) = < Vr(T, x) 

from (@~9]) and the fact that v R > in (0, +oo) x R^. Thus, 

Vr(T, x) > v(T, x) for all x G R N . 

Let us now check that 

N(t, x) = v t (t, x) - Av(t, x) - f(v(t, x)) < (4.17) 

for all t > T and x G M. N such that v(t, x) > 0. This will be sufficient to ensure that v is a 
subsolution, since f(0) = (notice that v(t,x) = 4>f(((t,x)) — 5e~ s ^~ T ^ is of class C 2 in the 
set where it is positive, since <pf is of class C 2 and h vanishes in a neighbourhood of 0). 

In this paragraph, let (t, x) be any point in [T, +oo) x M. N such that v(t,x) > 0. Since 0/ 
obeys f ll.5p . there holds 

N(t, x) = f(M((t> ~ f(v(t, x))+oo6 e- 5 (*- T ) <^(C(t, x)) + 5 2 e"^- T ) 

+ (f - - ^ (M)) + (1 - (^ (kl)) 2 ) <^(C(M)) 

< /(0/(C(t, *))) - /(«(*, *)) + w 5 e^^) 0}(C(i, x)) + 6 2 e- s ^ 

from (1432]) and ^ < 0. If C(M) < -C, then 1-5 < <j> f (C(t,x)) < 1 from (j49]), whence 
1 — 25 < v(t, x) < <p f (((t, x)) < 1 and 

f(M((t,x)))-f(v(t,x)) < l^-Se- 5 ^ 

from (Q|) . Furthermore, (j}" f (({t,x)) < from (Q|) . while < ^ (|z|) < 1 from (Q2"]l . 
Therefore, if C(^x) < — C, then 

JV( fjZ ) < + $) e^-^+coSe" 5 ^ <f>' f (({t,x)) < 

from ( 14. 8 p and the negativity of <p'j. On the other hand, if ((t,x) > C, then <frf(((t,x)) < 5, 
whence < v(t,x) < 4>f(((t,x)) < 5 and 

again from ( 14. 8p . The inequality ((t,x) > C also implies that h £o {\x\) > 2C + H £0 > H £o , 
whence h' £o (\x\) = 1 from (Q2l) . Thus, if > C, then 

jV( fjX ) < + S "j e -^-T) +u5e -5(t-T) <f>' f (((t,x)) < 
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from (14. 8 p and the negativity of <f)'f. Finally, if — C < C(^,x) < C, then 

f(MC(t,x))) - f(v(t,x)) < L5e-^~ T \ 

where we recall that L — max[ 0)1 ] | /'|, while ((t, x) > —C yields /i eo (|a;|) > H £o and ^ (|x|) = 1. 
Hence, if -C < (_(t, x) < C, then 

N(t, x) <S(L- kuj + 5) e ~ 5 ^ T] < 

from ( 13~32|) and f l4~T0|) . 

As a conclusion, the maximum principle implies that, for all t > T and x G R , 

1 > v R (t,x) >v(t,x) > (f)f{C(t,x)) -5e~ s{t - T) . (4.18) 

But 

max ((t, x) < (cf — s )t + h £0 (0) — (cf — ^ J (t — T) — > — oo as t — > +oo, 

\x\<{cf—eo)t~ \ 2 / 

from (j4.13p . (I4.16P and the positivity of e , u, H £0 and C. Since (j>f(— oo) = 1, it follows 
from pg| that 

Ur(£, •) ->■ 1 uniformly in {x G M^; |x| < (c/ - e )t] as t ^ +oo. (4.19) 

jStep 4 : conclusion and proof of (14.61) for all < e < Cf. Property (14. 6 p has already been 
proved for Eq = C//2 < e < Cf, from (I4.19p . Let now e be arbitrary in (0,5o)- With the 
notations used in Steps 1 and 2, set 

R e = H £ + u + 2C >0 (4.20) 

and, from (14.191) . let T £ >T such that 

v n{H £ ,x) > 1 — 5 for all \x\ < R^. 

Let v and ( be defined as in (14.151) and (I4.16P where T and Eq are replaced by T e and e. 
The same calculations as in Step 3 show that (14.171) holds for all (t,x) G [T^, +oo) x M. N such 
that v(t, x) > 0. The only difference now is the comparison of vr and v at time T e . If \x\ < R^, 
then vr{T_ £1 x) > 1 — 5 > v(T £ ,x). If \x\ > R^., then 

C(Xe, x) = h £ {\x\)-u-H £ -C>R e -uj-H £ -C = C 

from (Q31 and (jOOjl . whence (pfiC^x)) < 5 from flOJ and w(T e ,x) = < ^(T e ,x). 
Finally, 

^(Ze, a:) > x) for all x G R N . 
Therefore, it follows from the maximum principle that 

v R (t,x) > v(t,x) > (t> f (((t,x)) -5e- 5[t -^ ] for all t > T e and x G R N . 

As in Step 3, this leads to (14. 6p . The proof of Lemma [4. II is thereby complete. □ 
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Let us now turn to the proof of Lemma l4~2l The strategy used is similar to that used in the 
proof of Lemma 14.11 with the construction of suitable supersolutions instead of subsolutions. 
However, one needs to be more careful with the application of the maximum principle, since 
the estimates (14. 7[) only hold in bounded time intervals. Notice also that Lemma 14.21 is not 
an immediate consequence of Lemma [4.11 after changing v into 1 — v and f(s) into — f(l — s), 
since this operation would change the sign of the speed Cf (however, Corollary 14.31 below can 
be deduced from Lemma [4.21 thanks to this operation). 

Proof of Lemma 14.21 The strategy is to construct some radially symmetric supersolutions 
in W N of the type 4>f(—(cf + e/2)t + R — \x\) plus some exponentially decaying terms. In doing 
so, the solution wr will be small inside the balls of radii R — (c/ + e)t. 

As in the proofs of Lemmas 13.61 and 14.11 we first introduce some parameters which are 
independent of e. Let 5 > be chosen so that 

„ <f<nita ( 1 ,m,m), f<m on \ 0M a „ d f <m mll . s>1] . (m 

Since (j)"As) ~ v e~ As as s — > +oo with v > and A = (c/+ (cj — 4/'(0)) 1 / 2 )/2, one can choose 
C > so that (I3.3ip holds together with 4>"j > and 4>j < a/2 on [C, +oo), that is 

<f> f > 1 - 5 on (-oo, -C], 0/ < min (s, |) on [C, +oo) and <p" f > on [C, +oo). (4.22) 

Let k > and u > be chosen as in ( 13 .321) and (I4.10p . that is 

- <f/ f > k > on [-C, C] and kuj > L + 5. (4.23) 

Let g a be the solution of the ordinary differential equation g' a (t) = f(g a {t)) with initial con- 
dition g a (0) = a. Since a G (0, 9~), there holds g a (t) — > as t — > +oo, and there is T > 
such that g a (T) < 5/2. As in Step 1 of the proof of Lemma 14.11 it follows from the maxi- 
mum principle that there exists B > such that < wr(T,x) — g a {T) < 5/2 for all R > B 
and \x\ < R — B, whence 

w R (T, x) < 5 for all R > B and \x\ < R - B. (4.24) 

Now, we pick an arbitrary e > and we introduce some quantities which depend on e. Let 
the function h £ be as in (I4.12p and (I4.13p . Then, we choose T £ > T (> 0) such that 

5 e ~ s{t ~ T) < | and y > h e {0) + u + B + 2C for all t > T e , (4.25) 
and R £ > such that 

£ R 

R £ > max (B, (c f + e)T £ ) and ^ ^ >u + B + 2C + H £ . (4.26) 

We shall now prove that the conclusion of Lemma 14.21 holds with these choices of T £ and R £ . 
In the sequel, R is an arbitrary real number such that 

R > R £ . (4.27) 
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For all (t, x) G R x R N , we set 

w{t, x) = min (j> f (C(t, x))+S e^ 5{t - T) , 1 
where 

CO, x) = -h £ (\x\) - (c f + |) it - T) + ue' 5 ^ T) -u + R-B-C. 
Let us then check that w is a supersolution for the problem satisfied by wr, in the set 

£ = W, —5—1 x R N . 
L c f + el 

At the time T, it follows from (lQ4j) . ( 1Q6]) . (l42Tj) and the definition of w that 

wr(T, x) < 5 < uJ(T, x) for all \x\ < R — B. 

On the other hand, if \x\ > R—B, then > |x| > R—B from (14.131) . whence ((T, x) < —C 

and 

w(T, x) = min ((j) f (C(T, x)) + 5,l) > min ((1 -8) + 6,l) = l> w R (T, x) 
from (14221) and the fact that w R < 1 in (0, +oo) x R^. Thus, 

w R (T, x) < w(T, x) for all x G M^. 

Let us now check that 

N(t, x) = w t (t, x) — Aw(t, x) — f(w(t, x)) > for all (t, x) G £ such that w(t, x) < 1. 

This will be sufficient to ensure that w is a supersolution, since /(l) = (notice that, as for v_ 
in Lemma 14. 1[ w is of class C 2 in the set where it is less than 1 ) . 

In this paragraph, let (t, x) be any point in £ such that w(t,x) < 1. Since <pf obeys (II. 5p . 
there holds 

N(t, x) = f(MC(t, x)))- f(w(t, x))-uS e-^ T > <f>' f (((t, x))-6 2 e~ s ^ 
"(I - - K(\z\j) #(C(*,*)) + (1 - (/£(|s|)) a ) 

> /(^(CM)) - - coSe-^ <f>' f (((t,x)) ~ 5 2 e-^~ T ) 

+ (l-(/4(|*|)) 2 ) 4>%((t,x)) 

from (T4TT2D and <j/ f < 0. If C(*, ^) < -C, then 1 - S < </> f (((t,x)) < w(t,x) < 1 from (14221) . 
whence 

f&Gfrx))) -f{w(t,x)) > ^-5e~ s ^ 
from ( I4.2ip . Furthermore, the inequalities (,(t,x) < —C and < T < t < R/(cf + e) yield 

MM) >-(c, + |) (t-T)-u + R-B> 2{c 6 f R +£) -u-B>H, 
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because of ( I4.26P and (I4.27P (notice that the term — 2C in (I4.26P is not needed here, but it will 
be later). The inequality /i e (|x|) > H £ implies that ^(|x|) = 1, due to the properties (I4.12p . 
Therefore, if ({t,x) < —C, then 

N( t ,x) > ^(^^ - *) e~ s ^ -cu5e- s ^ <f>' f {({t,x)) > 

from (I4.2ip and the negativity of (p'j. On the other hand, if ({t,x) > C, then <pf(((t,x)) < 5 
from (I4.22p . whence < 4> f (((t,x)) < w(t,x) < 25 and 

f(MC(t^)))-f(W(t,x)) > 5 e -s(t-T) 

from l OT|» . Since cf)" f > on [C, +00) from ( l4T22|) . since < h' e < 1 on [0, +00) and since <jj f < 
on R, one gets that, if C(i, x) > C, then 

from ( 14T2H . Lastly, if -C < C(*,s) < C, then 

f(MC(t,x))) - f(w(t,x)) > -L5e-^~ T \ 

while ((t,x) < C yields 

h £ (\x\) >-(c f + ^)(t-T)-u + R-B-2C> 2 ^ R + g) - w - 5 - 2C > H £ 

from ( g]Zg) and (lOTjl . Thus, ^(|x|) = 1 and 

JV(*, i)>J(-L + kw-5) e - 5 (*- T ) > 

from (14231 . 

As a conclusion, the maximum principle implies that, for all T < t < Rj (cf+e) and x G R^, 

w R (t,x) <w(t,x) < (f) f (((t,x)) +5e- s(t - T) . 

For all T £ <t< R/(c f + e) and \x\ < R - (c/ + e)t, there holds tfe-'(* -T ) < a/2 from 
while /i £ (|x|) < |z| + h £ (0) < R - (c/ + e)* + h £ (0) and 

C(t,x) > -i2+( C/ + e)t-/i e (0)- ( C/ + |) (t-T)+we- 5( *- T) + 

> ^-h e (0)-u-B-C 

> C 

from (jQ5|) . Thus, (j) f (((t,x)) < a/2 from (14722]) . Finally, if T e < t < i2/( C/ + e) 
and |sc| < i? — (cf + e)i, then 

w R (t,x) < 4> f (at,x)) +6e- 5 ^ < I + I = a. 

The proof of Lemma [4.21 is thereby complete. □ 

By changing f(s) into —f(l — s), Cf into —Cf, w R into 1— Vr, a into 1 — /3 and /3 into 1 — a, 
the following result holds: 
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Corollary 4.3 Assume that Cf < 0. Then, for any e > 0, there are some real numbers T £ > 
and R e > (\cf\ + e)T e > such that for all R > R E , the solution Vr of (14. 2[) and (14. 3 p satisfies 

~ R 

v R (t, x)>/3 for all T e < t < - — ■ and \x\<R-(\c f \+ e)t. (4.28) 

\ c f \ + £ 

4.2 Proof of Theorem I2T61 

Let u be any transition front connecting and 1 for problem (II. ip . As in the proof of Theo- 
rem [531 even if it means changing u(t, x) into u(t, x) — 1 — u(t, x), f(s) into g(s) = — /(l — s) 
and Cf into — Cf, one can assume without loss of generality that 

c f >0. 

In order to prove that 

d(T t ,T s ) 

— : ; > Cf as i — s — > +oo, 

\t — s\ 

we prove one inequality for the liminf and another one for the limsup. 
Step 1: the lower estimate. We first claim that 

liminf d $t,Ts) (42g) 

|t— s|— >+oo t — S 

Since there is nothing to prove when Cf = 0, we only consider the case Cf > 0. Let a and (3 be 
given as in (14. ip . From Definition ll.il there is M > such that 

VtGM, VxGfif, (d(x,r i )>M)^(/3<n(t,x)<l), 
Vt G R, Va; e fif , (d(x, T t ) > M) =^ (0 < u(t, x) < a) . 

Let i? > be as in Lemma 14.11 Since the functions v p are nondecreasing with respect to the 
parameter p > 0, one can assume without loss of generality that R > M. From (ll.9p . there 
is r > such that 

V£ G R, Vx G r t , Byfenf, \x -y^ <r and d(y ± ,r t ) >2R. (4.31) 

Let now £ G (0, cj] and let T e > be as in Lemma I4TT1 Let us assume by contradiction 
that 

liminf d f r *» r «) < C/ _ 2g . (4.32) 

|t— s|— !>+oo t — S 

There are then two sequences (tfc)fceN an d (-Sfc)fceN of real numbers such that \tk — s k \ — > +oo 
as — >• +oo and 

tZ(r th , r s J < (c f - 2e) \t k - s k \ for all ken. 

Without loss of generality, one can assume that i& < s k for all k G N. By definition of the 
distance d(T tk ,T Sk ), there are then two sequences (xk)ken and (zk)ken in R^ such that 

x k eT tk , z k eT Sk and |x A - z k \ < (c f - 2e) (s fc - for all k G N. 
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On the one hand, it follows from (I4.3ip that there exists a sequence (y^)k^N of points in R. N 
such that 

yl G Q+, \x k -yt\<r and d(y+, T tk ) > 2R for all k G N. 

Property ( I4.30P implies then that, for every k G N and every y G B(y£,R), one has y G fij 
and d(y,T tk ) > R > M, whence u(tk,y) > (3. Therefore, u{t k ,x) > vr(0,x — y£) and 

x) > ^(i - a: - y£) for all fc G N, t> t k and igK" 

from the maximum principle. The conclusion of Lemma [4.11 implies that, for every fcsN, 

u(t, x)>p for all t>t k + T £ and |z - y£\ < (c/ - e) (* - i fc ). (4.33) 

On the other hand, (I4.3ip provides the existence of a sequence (y^) k ^n of points in R N 
such that 

yl G A" , - yj7 1 < r and T S J > 2i? (> M) for all fcGN. 

In particular, 

u(s}.,y k ~) < a for all G N, (4.34) 

due to (O0)l . 

Let us now check that one can choose £ = and x = y^T in ( I4.33P for A; large enough. 
Indeed, s k > ife + T £ for k large enough since s k — t k — > +oo as k — > +oo. Furthermore, 

\vk - y£\ - \Vk - z k\ + kfc - ^1 + kfc - vt\ < r + ( c / - 2e ) ( s fc - + r 

for all G N, whence 

Iz/fc - ut\ - ( c / _ £ ) ( s k - tk) for k large enough, 

since s^. — t k — > +oo as k — > +oo and e > 0. Finally, one can apply (I4.33P with t = Sk and 
x = y^ for large enough. Thus, u(s k ,y k ) > (3 for k large enough. This is in contradiction 
with (14.341) . since a < (3. Finally, our assumption (I4.32p cannot hold. In other words, 

. , d(T t ,T 8 ) 
hmmf — ; —>cj — 2e. 

\t— s\— >+oo \t — S 

Since e > can be arbitrarily small, the claim ( I4.29p follows. 
Step 2: the upper estimate. Let us here show that 

l imsup < c/ . ( 4.3 5) 

\t— s\— »+oo r s | 

Let first a and /3 be fixed as in (14.11) . let M > be as in ( I4.30p . and let r > be such that 

Vt G M, Vx G r t , Byf G fi± |x — y ± | < r and rf(y ± , T t ) > M. (4.36) 
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Let e > be an arbitrary positive real number. Assume by contradiction that 

li m SU p d ( T ^ T s) >Cf + 3£ . (4.37) 

\t— s\— >+oo \t S| 

There are then two sequences (t k )ken and (s/JfceN of real numbers such that \t k — s k \ — > +00 
as fc — > +00 and 

d(r tfc ,r sfc ) > (c f + 3e)\t k -s k \ for all A; GN. 

Without loss of generality, one can assume that t k < s k for all fceN. For each fceN, pick a 
point Zfc on T Sk . From ( 14.36[) . there are two sequences (yf)k^n of points in M. N such that 

y^ G ttf k , \z k -y k \<r and d(j/f , r s J > M for all fceN. 

Thus, (I4.30p implies that 

< u(s fc , y k ) < a < < u(s k , y+) < 1 for all fceff. (4.38) 

On the other hand, since d(zfc, T tk ) > (c/ + 3e) (s& — > 0, there holds 

either B(z k , (c f + 3e) (s fc - £ fe )) C Qf k or (c; + 3e) (s k - t k )) C 

Let us assume by contradiction that, up to extraction of a subsequence, 

B(z k , (c f + 3e) (s k - t k )) C fij for all fceN. (4.39) 

Two cases shall be considered: c/ > and c/ = 0. Consider first the former. Let R > 
be given as in Lemma 14.11 Since s k — t k — > +00 as k — > +00, there holds, for k large 
enough, B(z k ,R) C D,f together with d(y,T tk ) > M for all y G B(z k ,R). Thus, it follows 
from ( I4.30P that, for k large enough, 

u(h, y)>P for all y G B(z k , R), 

whence u(t k ,x) > Vr(0, x — z k ) for all x G M N and 

u(t, x) > v R (t -t k ,x- z k ) for all t > t k and x G (4.40) 

from the maximum principle. Let T e > > be given by Lemma [4.11 with e' = C//2 G (0,c/]. It 
follows from (I4.40p and Lemma [4. II that, for k large enough, 

u(t, x) > (3 for all t > t k + T £ > and |x - z k \ < (c/ - e') (t - t fe ) = ^-(t-t k ). 

Since c/ > and s& — i& — >■ +00 as — > +00, there holds > t k + T £ / 
and \y^ — z k \ < r < (c//2) (s k — t k ) for k large enough. Therefore, u(s k ,y^) > j3 for 
large enough, which is in contradiction with f l4.38p . As a consequence, the assumption ( I4.39P 
is ruled out if Cf > 0. 

Consider now the case c/ = 0. Since s k — t k — > +00 as A; — >• +00, assumption (I4.39P 
implies that, for k large enough, B(z k ,2 e (s k — t k )) C fi£ together with d(y,T tk ) > M for 
all ?/ G B(z k ,2 e (s k — t k )). It follows from (I4.30p that, for A; large enough, u(t k ,y) > (3 for 
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all y G B(z k ,2s (s k - t k )). Hence, for k large enough, u(t k ,x) > v 2£ ( Sk -t k )(0,x - z k ) for 
all x G M. N , whence 

u(t, x) > v 2£ ( Sk -t k ) it ~ tk, x - z k ) for all t > t k and x G M. N (4.41) 

from the maximum principle. On the other hand, Corollary 14.31 provides the existence of T £ 
and R £ > eT £ > such that ( 14.281) holds with c/ = for all R > R e . In particular, 
since s k —t k — >■ +oo as k — > +oo, there holds, for k large enough, 2e (s k — t k ) > R e and 

T e < s k - t k < 2 (s fc - t fe ) = , 

\y k - z k \<r <e (s k - t k ) = 2e(s k - t k ) - e (s k - t k ). 

Therefore, the conclusion (I4.28P can be applied with cj = 0, R = 2 e (s k — t k ), t = s k — t k 
and x = — z k , for k large enough. Finally, it follows from (I4.28P and (I4.4ip that 

u{s k , y^) > v 2e{sk _ tk) (s k - t k , yl - z k ) > (3 

for k large enough, which is in contradiction with (I4.38p . 

As a conclusion, the assumption (I4.39[) is impossible (even for a subsequence). Hence, 

B(z k , (c f + 3e) (s k - t k )) C ttt k 

for k large enough. Since s k — t k — > +oo as k — >• +oo, it follows that, for k large enough, 
B(z k ,{c f + 2e)(s k - t k )) C ttZ h and d(y, V th ) > M for all y E B(z k ,(c f + 2e)(s k - t k )). 
Therefore, u(t k ,y) < a for all y G B{z k , (c/ + 2e)(s k — t k )), for k large enough, due to (14.301) . 
Hence, for k large enough, u(t k ,x) < W[ Cf +2e)(s k -t k )(0, x — z k ) for all x G M. N , and 



u(t, x) < W( Cf+2 e)(s k -t k )(t - t k , x - z k ) for all t > t k and x G 
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from the maximum principle. Let now T e > and R £ > (c/ + e)T £ > be given by Lemma [ 
so that (14.71) is valid for all R > R £ . In particular, since s k — t k — >■ +oo as k — > +oo, there 
holds, for k large enough, (cf + 2e)(sfc — t k ) > R £ and 

c f + e 

\vt ~ z k\ <r <e(s k - t k ) = (c f + 2e) (s k - t k ) - (c f + e) (s k - t k ). 

Therefore, the conclusion (14 .7p can be applied with R = (cf + 2e) (s k — t k ), t = s k — t k 
and x = y~l — z k , for k large enough. Finally, there holds 

u(s k , y+) < w {cf+2 e)(s k -t k )(s k - t k , y+ - z k ) <a 

for k large enough, which is in contradiction with (14 . 3 8 [) . 

To sum up, we have shown that the assumption (I4.37P is impossible. Since e > can be ar- 
bitrarily small, the conclusion (14.351) follows. The proof of Theorem 12.61 is thereby complete. □ 
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Remark 4.4 The second part of the proof of Theorem 12.61 actually shows that 



limsup ( sup < | C/ | (4.42) 



for any transition front u connecting and 1 for equation (II. ip . This follows immediately 
from Step 2 of the previous proof when Cf > 0. If Cf < 0, one can change u(t,x) 
into u(t,x) = 1 — u(t,x), f(s) into g(s) = — /(l — s), Cf into — c/, Q,f into Clf, but one 
can keep the interfaces T t for the front u, so (I4.42p is still valid. On the other hand, there 
holds _ 

limsup — j — < limsup I sup I, (4.43) 

where d(A, B) has been defined in (12.31) . Since d(A, B) < d(A, B) for any two subsets A and B 
of M N , it finally follows from (14. 42114. 431) and from the conclusion of Theorem 12.61 that any 
transition front u connecting and 1 for equation (II. ip satisfies 

d(T t ,T s ) 

— i j > \Cf\ as \t — s\ — > +oo, 

t s 

that is it has a global mean speed equal to \cf\ for the distance d. 



5 Existence of non-standard transition fronts 

This section is devoted to the proof of Theorem 12. 8l on the existence of non-standard transition 
fronts for problem (II. ip . that is transition fronts which are not invariant in any moving frame. 
We first consider the two-dimensional case M 2 . Let us explain heuristically the general strategy 
before going into the details of the proof. For a better understanding, we refer to the figure 
shown in Section [2] after the statement of Theorem 12.81 

The first key- ingredient, from [361 El], is the existence, under the condition (j 1.4ft 
with Cf > 0, of two-dimensional traveling fronts of the type <p(xi,X2 — ct) whose level sets 
are asymptotic to two half-lines having an angle a G (0, 7r/2) with respect to the X2-axis, see 
the figure in Section 11.1 1 Consider such a front with c—Cf/ sin a and 7r/4 < a < tt/2 and 
rotate it of angle n/2 — a clockwise. Namely, we consider the front 4>(R~ 1 (xi,X2 — ct)) where R 
denotes the rotation of angle ir/2 — a clockwise. As far as the level sets of this new front are 
concerned, the right asymptotic half-line becomes parallel to the Xi-axis, the other one being 
then very far away from the X2-axis at very negative times. 

The next step is to take the restriction of this front on the half-plane H = {x% < 0}. One 
will check that this "left" traveling front is almost a solution of the same equation (II. ip in H 
with Neumann boundary conditions on dH for very negative times. One will then solve this 
Neumann boundary value problem and symmetrize the solution with respect to dH. Finally, 
the obtained solution is shown to behave as three moving planar fronts at very negative times, 
and then as a V^-shaped classical traveling front <f>(xi,X2 — ct) made of two moving planar 
fronts for very positive times. 
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5.1 Proof of Theorem D 



In this section, we carry out the proof of Theorem 12.81 We leave the proof of some auxiliary 
lemmas in Section 15.21 Throughout the proof of Theorem 12.81 we assume that / satisfies (11. 4p 
with Cf > 0, in addition to (jl.2p . We repeat that the existence (and uniqueness) of c/ is guar- 
anteed by (11.41) . We first consider the case N = 2 and construct two-dimensional transition 
fronts satisfying the conclusion of Theorem 12.81 The conclusion in higher dimensions will be 
then obtained immediately by trivially extending the constructed two-dimensional fronts in 
the variables x%, . . . ,xn- 



Step 1: an auxiliary V-shaped front. Fix an angle a such that 



71 71 
-<«<-. 

4 2 



From [36j E3 EI], there exists a unique traveling front <f)(xi,x 2 — ct) of (II. ip in M 2 satisfying 
the following properties: < < 1 in IR 2 , is of class C 2 (IR 2 ), c = Cf/ sina, 



liminf ( inf (f)(xi,x 2 )) = 1 

A^+oo \ X2<|xi| cot a— A 



t \ (5-1) 

limsup ( sup <p{Xi,x 2 )j =0 

A— >+oo ^ x2>\xi\cota+A 



and is asymptotically planar along the directions (± sin a, cos a) in the sense that there exist 
some positive constants p\ and U\ such that 



< (f>(xi, x 2 ) — max ((pf(x 1 cos a + x 2 sin a), (f)f(—Xi cos a + x 2 sin a)) < p±e Ul V x i+ x 2 (5.2) 

for all (xi,x 2 ) € M 2 . Since 0/(s) converges exponentially fast to and 1 as s — > ±00, the 
function converges then exponentially fast to and 1 as x 2 — \xi\ cot a — > ±00. From the 
Schauder interior estimates, it follows then that there exist some positive constants p 2 and co 2 
such that 

|V0(X!,X 2 )| < p 2e -"2|s2-|zi|cota| for aU ( Xl;X2 ) G ^ 3^ 

Similar arguments yield the existence of some positive constants and 003 such that 



I V(f)(xi, x 2 ) - V ((f)f(—Xi cos a + x 2 sin a)) | < p 3 e u W x i+A f or a n X \ > 0, a; 2 G 
whence 



, (xu X2) + cosa (h'f (— x\ cos a+x 2 sin a) I < p%e ^y/ x l+ x l 

lV ; /V ;| ~ ^ for all x\ > 0, x 2 G M. (5.4) 

Xi, x 2 ) — sina 4>'f{— X\ cosa+x 2 sina) | < p 3 e~ w ' A \ x i+ x 2 



YX2 

Lastly, it follows from [M] that 

WA > 0, sup 4> X2 (xi, x 2 ) < (5.5) 

—A<X2 — \xi I cot a<A 

and that is decreasing in any direction (cosy?, simp) such that tt/2 — a < ip < tt/2 + a. In 
particular, the function is nonincreasing along the directions (± sin a, cos a). 
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Step 2: the rotated V-shaped front. Let us now rotate the function with angle a — it/2 
clockwise. Namely, we define 

ip(x\, x 2 ) = 4>{xi sin a — 22 cos a, x\ cos a + X2 sin a) (5.6) 

for all (x\,X2) G R 2 . The function ip is decreasing in any direction (cos tp, sin tp) 
with < <y9 < 2a. In particular, ip is nonincreasing in the horizontal direction (1,0) and 
it converges to the planar front <pf(x 2 ) along this direction. In other words, one of the asymp- 
totic branches of the level sets of ip corresponds to the half-line R+(l, 0). The other branch is 
the half R + (cos(2a), sin(2a)) and it belongs to the left half-plane {x\ < 0} since a is chosen 
such that 7r/4 < a < n/2. Since <p(xi,x 2 — ct) solves (11. ip in R 2 , the C 2 (R x R 2 ) function v 
defined inRxR 2 by 

v(t, Xi, x 2 ) = ip(x\ — ct cos a, x 2 — ct sin a) = <p(xi sin a — x 2 cos a, X\ cos a + x 2 sin a — ct) (5.7) 

satisfies f ll.ip in R 2 too. The function v is a traveling front which is invariant in the moving 
frame with speed c in the direction (cos a, sin a), in the sense that 

v(t + t, x\ + ct cos a, X2 + ct sin a) = v(t, x\, X2) 

for all (t, Xi, X2) 6lxl 2 and for all r 6 R. At any time t G R, any level set of v, that is the 
set 

{(xi,x 2 ) e M 2 , v(t,x 1 ,x 2 ) = A} 

for a given value A G (0, 1) and at a given time t G R, is asymptotic to some finite shifts of the 
two half-lines 

(ct cos a, ct sin a) + R + (cos(2a), sin(2a)) and (ct cos a, ct sin a) + R+(l, 0), 

and the first one (i.e. the left one) is very far from the a^-axis for very negative times. More 
precisely, (15. 2 p implies that 

< v(t, xi, x 2 ) — max (0/(xi sin(2a) — x 2 cos(2a) — ct sin a), (j)f(x 2 — ct sin a)) 

^ g— uii yj (xi sin a— 12 cos a) 2 +{xi cos a+X2 sin a— ct) 2 

for all (t,x 1 ,x 2 ) G R x R 2 . 

Step 3: a Neumann boundary value problem in a half-space and construction of some sub- 
and supers olutions. In the remaining steps, the strategy consists in constructing a solution 
of (11.11) in R 2 which looks like the function v(t, x\,x 2 ) for very negative times in the half-plane 

H = {(xi,x 2 ) G R 2 , xi < 0}. 

To do so, we will work in the half-plane H with Neumann boundary conditions on OH and we 
will then extend the constructed solution by orthogonal symmetry with respect to dH. 
Let us then consider the problem 

vt = Av + f(v), (t,x 1 ,x 2 ) GRx H, 
v Xl = 0, (t,xi,x 2 ) = (t,0,x 2 ) G R x dH. 
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Remember that the function ip defined in (15. 6p is nonincreasing along the direction (1,0), 
that is ip Xl (xi,x 2 ) < in R 2 . Therefore, v_ x (t,xi,x 2 ) < in R x R 2 . In particular, the 
function v is a subsolution of (15. 8p . 

Problem (15. 8p also admits a supersolution which looks like the function v for very negative 
times, up to some exponentially small terms, as shown in the following lemma. 

Lemma 5.1 There exist some constants a > 0, 5 > and T < such that the function v 
defined m R x H by 

v{t, xx,x 2 ) = min (v(t + a e 5t , x 1 ,x 2 ) + 5 e S{xi+t \ l) (5.9) 
is a supersolution of (15.81) for t < T. 

In order not to lengthen the proof of Theorem 12.8} the proof of Lemma 15.11 is postponed in 
Section 15.21 

Step 4'- construction of a solution v of (15. 8p in H . Observe first that 

v t (t, xi, x 2 ) = —c(f> X2 (xi sin a — x 2 cos a, X\ cos a + x 2 sin a — ct) > (5.10) 

for all (t, Xi, x 2 ) G Rx R 2 , whence v(t, x%, x 2 ) < v(t, x\, x 2 ) inlxif (remember also that v < 1 
in K x M 2 ). For any n G N such that n > \T\, let v n be the solution of the Cauchy problem 
associated to (15. 8 j) for times t > —n, with initial condition 

v n (—n, Xi,x 2 ) = v(—n, x±, x 2 ) for all (xi, x 2 ) G if 

at time t = —n. From Step 3 and the above observations, the maximum principle implies that 

< v(t, Xi, x 2 ) < v n (t, xi, x 2 ) < v(t, xi, x 2 ) < 1 for all — n < t <T and (x±, x 2 ) G H, 

and that 

< v(t, xi, x 2 ) < v n (t, Xi,x 2 ) < 1 for all t > —n and (x±, x 2 ) G H. (5-H) 

In particular, for every (t,xi,x 2 ) G R x H, the sequence (t> n (t, £i, ^2))n>max(|r|,|t|) is nonde- 
creasing. Furthermore, it follows from (I5.10P and (15. lip that 

v n (—n + h, Xi,x 2 ) > v(—n + h, x\,x 2 ) > v(—n, X\,x 2 ) = v n (—n, x\, x 2 ) 

for all n > \T\, h > and (xi,x 2 ) G H, whence v n is increasing with respect to time t in H, 
from the maximum principle. 

From monotone convergence and standard parabolic estimates up to the boundary, the 
functions v n converge then as n — y +oo in C^(R x H) to a solution ^ of (15.81) such that 

< v(t, X\,x 2 ) < v(t, Xi,x 2 ) < v(t, xi, x 2 ) < 1 for all t < T and (x\, x 2 ) G H 

and 0<v<v<l in M,xH (the strong maximum principle also yields < v < 1 in R x H, 
since v(t, Xi, x 2 ) — >■ < 1 as t — > — oo for each fixed (xi, x 2 ) G H). Moreover, v t > in R x H 
with even the strict inequality v t > in R x ii" from the strong maximum principle, since the 
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previous inequalities prevent v from being independent of time. 

Step 5: construction of a solution u of (11. ip in R 2 . Define u in R x R 2 as 

u(t,x 1 ,x 2 ) = 



v(t, Xi, x 2 ) for all i el, X\ < 0, x 2 G R, 
f (£, — Xi,x 2 ) for all t G R, Xi > 0, x 2 G R. 



(5.14) 



Since v satisfies (I5.8P in the half-plane H with Neumann boundary conditions, it follows that u 
is a classical time-global solution of (II. ip in the whole plane R 2 . Furthermore, < u < 1 
in R x R 2 , together with 

v(t, — \xi\, x 2 ) < u(t, x\,x 2 ) for all (t, x±, x 2 ) G R x R 2 (5.12) 

and 

v(t, — \x\\,x 2 ) < u(t,xi,x 2 ) < v(t, —\xi\,x 2 ) for all £ < T and (x±,x 2 ) G R 2 . (5.13) 

Therefore, it follows from (15. 2p . (15. 7p . (15. 1 2[) and the equality c = c//sina that 

max (6f(—\xi\ sin(2a) — x 2 cos(2a) — Cft), 4>f(x 2 — Cft)) < u(t, Xi, x 2 ) 

for all (t,x 1 ,x 2 ) G R x R 2 

and from (Q, (1577) . (EHD and fl5TT3|) that 

u(t, x±, x 2 ) < max(0j( — \x\ \ sin(2a) — x 2 cos(2a) — Cft — Cfae 5t ), (pf{x 2 — Cft — Cfae St )) 

+Pl e~' JJly ^ i\ x l\ s ' ma + x, 2 cosa) 2 +(|xi| coso-a;2 sin a+ct+cae st ) 2 _|_ ^g5(t-|a;i|) (5.15) 

for all £ < T and (x 1: x 2 ) G R 2 . 

Step 6: the solution u is a transition front connecting and 1 . To show this property, we 
need to introduce some families (Vif ) tgR and (r t ) tgR , drawn on the joint figure below, satisfying 
the properties of Definition ll.il For t < 0, set 

Pi = (ctcosa, ct sin a) = (ctcosa, c/t), L\ = P\ + R + (cos(2a), sin(2a)), 
P[ = (— ct cos a, ct sin a) = (— ct cos a, cyt), L[ = P[ + R+(— cos(2a), sin(2a)) 

and 

r t = L{ U [P\, PI] U L£ foralU<0, (5.17) 
where the superscript I (resp. r) stands for left (resp. right). Define 

T t = \(x u x 2 ) G R 2 ; x 2 = |tan(2a)| \x x \ + i — ^—tt\ for all t > 0. (5.18) 
I |cos(2a)|J 

Therefore, for every t G R, V t can be written as a graph T t = {(xi,x 2 ) G R 2 ; x 2 = (p t (xi)} for 
some Lipschitz-continuous function tp t : R — > R. We finally define, for all t G R, 

ttf = {(xi,x 2 ) G R 2 ; x 2 < <p t {xi)} and = {{x u x 2 ) G R 2 ; x 2 > tp t (xi)}- (5.19) 

It is immediate to see that the families (f2^) teR and (r 4 ) teR satisfy the general proper- 
ties dHHD, (OD and f fTTOj) . 
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Lemma 5.2 The function u is a transition front connecting and 1 for problem (11.11) in M 2 
with this choice of sets (£lf) t m and (I\) te R. 

We point out that, in the course of the proof of Lemma 15. 2| the following interesting pro- 
perty is shown: the solution u converges uniformly in M 2 as t — > +oo to a traveling front of 
the type <p(x\, x 2 — ct) solving (II. ip and (I5.40p below, with vertical speed c = Cf / \ cos(2a)|. 

Step 7: the solution u satisfies the conclusion of Theorem \2.Si Assume by contradiction that 
there exist a function $ : M 2 — >■ (0, 1) and some families (Rtjtm and (X t )teR = (xi,t, ^2,t)tem °f 
rotations and points in M 2 such that 

u(t, xt, x 2 ) = <&(R t (xi - x lit , x 2 - x 2 ,t)) for all (t, Xi,x 2 ) eRx R 2 . 

It would then follow from Lemma 15.21 that there is M > such that 

Rt(T t -X t ) C {(xi,x 2 ) GK 2 ; d({x u x 2 ),R a {T t -X a ))<M} for all (t, s) G 1R 2 . 

This is clearly in contradiction with the definitions (I5.17P and (I5.18P of the sets T t . Therefore, 
the function u satisfies all properties of Theorem 12.81 in M 2 . 

Step 8: the case of the space M. N with N > 3. We start from the solution u of (II. ip in R 2 
constructed in the previous steps and we extend it trivially in R N as 

u(t, xi, ■ ■ ■ ,xn) = u(t, Xi, x 2 ) for all (t, X\, ■ ■ ■ , xn) G M x M iV '. 

From the previous steps, the function u is obviously a transition front for problem (11. ip in R 
with the sets 

nf = {(zi,--- ,x N ) eR n ; (x u x 2 ) e nf} 

for all t 6 I. This solution fulfills the desired conclusion and the proof of Theorem 12.81 is 
thereby complete. □ 
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5.2 Proof of the auxiliary lemmas 

In this section, we do the proof of Lemmas 15.11 and 15.21 stated in the previous section. We 
begin with Lemma [5. 1[ 

Proof of Lemma 15.11 As in the paper of Fife and McLeod [29] and as in the lemmas of 
Section 14.14 the general idea is to slightly perturb the function v by some exponentially small 
terms in order to make it a supersolution of 05 .8p . Here, we shall also deal with the boundary 
conditions on dH, that is we have to prove that v Xl (t,0,X2) > for all t < T and x<i G IR. 
We shall make use of the stability of the limiting states and 1, as well as the uniform strict 
monotonicity (15. 5p of the ^-shaped front along its level sets. Remember that f(l) = 0. 
Thus, in order to prove that the function v defined in Lemma 15.11 is a supersolution of (I5.8P 
for t < T, it is sufficient to show that 

v t > Av + f(v) 

for (t, Xi,X2) £ (— oo,T] x H and v xi > on (— oo,T] x dH in the region where v < 1. Note 
that in this region, the function v is of class C 2 . 

Let us first choose some parameters. Remember that the positive real numbers p2, 0J2, p3 
and u 3 are given in (I5.3P and (I5.4p . Call 

c 4 = ^(^c/cosaQ > Q _ (5 2Q) 

We fix a real number 5 > such that 

< 5 < min(l, w 4 ) and f < on [0, 25] and [1 -5,1]. (5.21) 
From (I5.ip . let C > be such that 



4>(xi, X2) > 1 — 5 for all X2 < \x± \ cot a — C, 
<f)(xi,X2)<5 for all X2 > \xi\ cot a + C. 



(5.22) 



From (15. 5p . let k > be such that 



and choose a > so that 



sup 4> X2 (xi, x 2 ) = — k < 0, (5.23) 

-C<X2 — \x\ I cot a<C 



acn > L = maxlfl. (5.24) 

[0,1] U 1 V ; 



Call 

p4 = (sin a + cos a) max (p 2 e W2C<J , P3) > 0. (5.25) 
Let finally T < be such that 



T < -2a < and 5 2 e St > p A e U4t for all t < T. (5.26) 
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Let us now estimate v Xl on the boundary OH. In this paragraph, we fix a point (t, 0,x 2 ) 
on (— oo,T] x <9i7 such that v(i, 0,x 2 ) < 1. From (15. 7p and (15.91) . there holds 

v xl {t,0,x 2 ) = v Xi (t + ae St ,0,x 2 ) + 5 2 e 5t 

= sin a <f> xi (— x 2 cos a, x 2 sin a — ct — cae 5t ) (5-27) 



cos a <p X2 ( — x 2 cos a, x 2 sin a — ct — cae 5t ) + 5 



V*. 



We shall estimate this quantity when \x 2 — Cft\ > (cj/2)|t| and \x 2 — Cft\ < (cf/2)\t\. Consider 
first the case when \x 2 — Cft\ > (cf/2)\t\ and x 2 < 0. There holds 



\x 2 — Cft — Cftje 5t \ ct 



I x 2 sin a — ct — cae St — \x 2 1 cos a cot a I = — > ca 

1 1 sin a 2 

since c = c// sin a and t < T < 0, whence 

u« x (t, 0, x 2 ) > -(sin a + cos a) p 2 e ^ ct / 2 +^ + «sV' (5.28) 

from (El and (l5~27j) . If |x 2 - c f t\ > (c f /2)\t\ and x 2 > 0, then 

(sin 2 a — cos 2 a) x 2 r, 

x 2 sm a — ct — cae — \x 2 \ cos a cot a = ct — cae 

sin a 

ct cT 

> —ct — ca > ca > ca > 

- 2 ~ 2 

since vr/4 < a < tt/2 and t < T < -2a < 0, whence ( 15~28|) holds. If |x 2 -c/t| < (c f /2) \t\ = -(c f /2)t, 
then x 2 < (c f /2)t < and (ED and (E2ZD yield 

v Xl (t, 0, x 2 ) > — sin a cos a 0^ (x 2 — cft — Cfae St ) + cos a sin a 0j [x 2 — Cft — cjae St ) 

-(sin a + cos a) p 3e -<^y/^ cosa ) 2 +^ Biaa - ct - c ^ eSt ) 2 + tfV , g 2g . 

> -(sin a + cos a) p3 e -^|^|cosa + p e 6t 

> -(sin a + cosa) p 3 e ^ c / tcoSQ )/ 2 + 5V. 

Finally, for all (t, 0, x 2 ) G (— oo, T] x dH such that w(t, 0, x 2 ) < 1, there holds 

v Xl (t,0,x 2 ) > -p 4 e^ + 5 2 e St > 0, 

from ( CTD . (I5T251 . ( I5T26D . (I5T28D and (I5T291) . 

As a last step, let us check that v is a supersolution of the parabolic equation (I5.8P inside H. 
In this paragraph, (t, Xi,x 2 ) denotes a point in R x H such that v(t, Xi,x 2 ) < 1. Since y_ 
satisfies ( 11. ip in M 2 and since 5 < 1, one gets from ( 15.9f) that 

N(t,x 1 ,x 2 ) := w t (t,xi,x 2 ) - Aw(t,xi,x 2 ) - f(v(t,xi,x 2 )) 

= v t (t + ae 5t ,x 1 ,x 2 ) + a5v t (t + ae st ,x 1 ,x 2 )e st + 6 2 e 5( - Xl+t ') 

-Av(t + ae 5t ,x u x 2 ) -5 3 e 5{xi+t) - f(v(t,X!,x 2 )) 
> f(v(t + ae 5t ,xi,x 2 )) - f(v(t,xi,x 2 )) + a5v t (t + ae s \x 1 ,x 2 )e st . 

Call 

Ci(xi, x 2 ) = Xi sin a — x 2 cos a and ( 2 (t, Xi, x 2 ) = X\ cos a + x 2 sin a — ct — cae 5t , 
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that is v(t + ae St ,Xx,x 2 ) = 4>((i(xx,x 2 ),( 2 (t,Xx,x 2 )). If ( 2 (t,Xx,x 2 ) < \d(x u x 2 )\cota - C, 
then 

1 > v(t,x u x 2 ) > v(t + ae 5t ,x x ,x 2 ) = (j){C,x{xx,x 2 ),C 2 (t,xx,x 2 )) >1-S 
from (15.221) . whence 

N(t,xx,x 2 ) > f(v(t + cre st ,x 1 ,x 2 )) - f(v(t, x x , x 2 )) + aSv t (t + ae &t , x u x 2 ) e 5t > (5.31) 

from (15.211) . (15.301) and the positivity of v t in (I5.10p . If ( 2 (t,xx,x 2 ) > \(i(xi,x 2 )\cota + C, 
then (I5.22p yields < v(t + ae 5t , xx,x 2 ) < 5, whence 

< v(t + ae 5t , xx, x 2 ) < v(t, xx, x 2 ) = v{t + ae 5t , xx, x 2 ) + 5e 5{xi+t) < 25 

since Xx < and t < T < 0. Thus, as above, (15.311) holds from (15.211) . (15.301) and the positivity 
of v t . Lastly, if — C < ( 2 (t,xx,x 2 ) — \(i(xi,x 2 )\cota < C, then 

f(v(t + ae St , xx, x 2 )) - f(v(t, Xx,x 2 )) 

= f(v(t + ae 5t , xx,x 2 )) - f(v(t + ae 5t , x u x 2 ) + 5e 5 ^ Xl+t) ) 
> -L5e 5{xi+t) 

since L = max[ 0) i] \f'\, while 

v t (t + ae st ,xi,x 2 ) = -c(j) X2 {C,x{xx,x 2 ),C, 2 {t,xx,x 2 )) > ck 

from (15.231) . Therefore, 

N(t,xx,x 2 ) > -L5e 5{xi+t) + adcKe 5t >5(ctck-L) e St > 

from ([EMD, flCTj) and the fact that Xx < 0. 

As a conclusion, N(t, Xx, x 2 ) > for all (t, Xx, x 2 ) G (—00, T]x H such that v(t, Xx, x 2 ) < 1. 
The proof of Lemma [5.11 is thereby complete. □ 

Proof of Lemma 15. 21 We have to show that u(t, x±, x 2 ) — > 1 (resp. 0) as d((xx, x 2 ), T t ) — > +00 
with (xx,x 2 ) G £lf (resp. (xx,x 2 ) G f^~), uniformly in t. 

Step 1: convergence to 1 in Qf . The inequality (I5.14p and the fact that 0/ is decreasing 
imply that 

max(0j(— x\ sin(2a) — x 2 cos(2a) —Cfi), <f>f(xx sin(2a) — x 2 cos(2a) — Cft), 0/(x 2 — c/t)) 

^ /, \ (5-32) 

< U[t,Xx,X 2 ) 

for all (t, xx,x 2 ) G IxR 2 . It immediately follows from the definitions (I5.17p . (I5.18P and (I5.19P 
of T t and Qf, and from the fact that 00) = 1, that 

lim ( inf u(t, Xx, x 2 ) J = 1. (5.33) 

Step 2: convergence to in f or negative enough times. As far as the behavior of u 
in far away from T t is concerned, we will consider three cases: when t is very negative, 
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when t is very positive and when t is in some bounded interval. Let us first consider the case 
when t is very negative. Let e > be arbitrary. Remember that T < is given in Lemma 15.11 
Since 0/(+oo) = 0, it follows from the definitions ( I5.17P and ( I5.19P of T t and fl^ for t < that 
there is M\ > such that 

Vt < T, V {x x , x 2 ) e fi t " (d((xi, x 2 ), r 4 ) > M x ) 

e (5.34) 

(max(^)/(— \x\ \ sin(2a) — x 2 cos(2a) — cjt — Cfae 5t ), 0/(x 2 — Cft — c/cre 5 *)) < -). 

3 

Obviously, there is T\ < T such that 

56^-1*11) < £ for all t < T x and (x h x 2 ) G R 2 . (5.35) 
o 

We now claim that there is M 2 > such that 

Vt < T, V(xi,x 2 ) e (d((xi,x 2 ),r t ) > M 2 ) 



/ --^ ^ I sin Q+ , 2 cos ay+flxx | cos n sin < 1) ^ 

Otherwise, there would exist a sequence (t n , a?i in , x 2 , n )neN in R x R 2 such that 

t n <T, (xi t n,x 2 ,n) e tt^ n , d((xi >n ,x 2 ,n)^t n ) >n for all n e N (5.37) 
and the sequences 

(2/n)neN:=(ki,n| sin oi-\-x 2iTl cos tt) n gf*j and (z n ) n6N := {\x\, n \ cosa-x 2 , n sma + ct n + cae Stn ) nm 
are bounded. Therefore, 

\x\,n\ = z n cos a + y n sin a — ct n cos a — (ccr cos a)e 5tn = — ct n cos a + 0(1) 

2/n ^/ s as TT, — > + OO. 

x 2n = — £i n tan cH = ct n sin a + Oil) 

cos a 

In other words, owing to the definitions (I5.16P of the points P\ and P[ for t < 0, this means that 
the sequence a; 2) „), {Pj , P[ })) n eN is bounded. But the points Pj and P t r lie on r tn 

for all n 6 N (since t„ < T < 0). As a consequence, the sequence (d((xi jn ,X2, n ),T tn )) ne ^ 
is bounded, contradicting ( 15. 37ft . Finally, ( I5.36P holds for some M 2 > and it follows 
from (EH]), (JEM]), ( 1535|) and ( l536|) that 

Vt < Ti, V(xi,x 2 ) e ^ t ~, (c/((x l7 x 2 ),r t ) > max(M 1 ,M 2 )) (u(*,z lja ; 2 ) < e). (5.38) 

.Step 5: convergence to m fi^ /or bounded time intervals. We show in this step that 

Vr>0, lim ( sup u(t, x u x 2 )) = 0. (5.39) 

A-»+°o \ | t |< T|X2 >|tan(2a)| Izil+A ' 

Indeed, if this were not true, there would exist a sequence (t n ,Xi in ,x 2>n ) ne ^ in R x R 2 such 
that 

(^n)n.eN is bounded, lim (x 2 ,n — |tan(2«)| |xi )n |) = +oo and liminf w(t n , xi )n , x 2;TO ) > 0. 
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Up to extraction of a subsequence, one can assume that (i n )neN converges to G M. From 
standard parabolic estimates, the functions u n defined by 



converge, up to extraction of a subsequence, to a solution < < 1 of (jl.ip in M? such 
that Moo(^oo, 0,0) > 0. On the other hand, (I5.15P implies that 



< max(0y(— |xi+Xi in | sin(2a) — (x 2 +x 2in ) cos(2a) — Cft — Cf(xe St ), 4>f(x 2 +x 2 ^ n — Cft — c/ae 5 *)) 



for all n G N, t < T and {x x ,x 2 ) G M 2 . Since 0/(+oo) = 0, n/A < a < tt/2, and 
X2, n — |tan(2a)| \x\ >n \ — > +oo as n — > +oo, the first term of the right-hand side converges 
to as n — y +oo locally uniformly in (t,xi,x 2 ) G (— oo,T] x R 2 . The second-term also con- 
verges to as in the proof of (I5.36p . Therefore, by passing to the limit as n — > +oo, one infers 
that 



Let 770 > be such that / < on [0,r/ ]. For any 77 G (0,?7o], there is to < T such that 
< Moo(s,xi,x 2 ) < 5 e 5s < r] for all s < t and (xi,x 2 ) G R 2 , whence < Uoo(t, xi,x 2 ) < 77 for 
all (t, Xi, x 2 ) G [s, +00) x R 2 from the maximum principle, and then for all (t, x\, x 2 ) G R x R 2 
since s can be arbitrarily negative. Since rj > can be arbitrarily small, it follows that = 
in R x IR 2 , which contradicts Woo^oo, 0, 0) > 0. As a consequence, (I5.39P is proved. 

Step 4: convergence to in Qj' for large enough times. In the beginning of the proof of The- 
orem [231 we introduced a ^-shaped front (p(xi,x 2 — ct) solving f ll.ip in R 2 with c = c// sin a. 
Similarly, since 2a — 7r/2 G (0,7r/2), it follows from [36], [5T] that there is a unique ^/-shaped 
front 4>(xi, X2 — ct) solving (11.11) in R 2 with vertical speed 



u n {t, Xi, x 2 ) = u(t, Xi + Xi !n , x 2 + x 2i „.) for all (t, xi, x 2 ) eKxK 2 



U n (t,Xi,X 2 ) 



+pie 




u 00 {t,xi,x 2 ) < 5 e St for alH < T and (x\,x 2 ) G R 2 . 



c = 



sin(2a - tt/2) 



cos(2a) I ' 



such that the function is of class C 2 (R 2 ), < < 1 in R 2 , 





sup 

»2>|a:i| |tan(2a)|+ J 4 




(5.40) 



and 



4>(xi, x 2 ) — max [4>f(— X\ sin(2a) — x 2 cos(2a)), 0/(xi sin(2a) — x 2 cos(2a))) — > 
as x\ + x\ — > +00 with 



x 2 ) — max (</>/(— xi sin(2a) — x 2 cos(2a)), 0/(xi sin(2a) — x 2 cos(2a))) > 
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for all (xi,X2) G M 2 . The goal of this step is to show that 

u(t, x±, x 2 ) — (f)(xi,X2 — ct) — > as t — > +00 uniformly in (x±, X2) G M 2 . (5-41) 

Observe first that f 1 5 . 3 2 j) implies that 

u(0, xi, X2) > max (</>/(— a?i sin(2a) — x 2 cos(2a)), (f>f(x\ sin(2a) — X2 cos(2a))) =: u (xi, X2) 

for all (xi,x 2 ) G R 2 . Let u be the solution of the Cauchy problem associated to (11. ip 
in R 2 with initial condition u at time t = 0. It follows from the maximum principle that 
u(t, xi,X2) > u(t, xi,X2) for all (t,xi,X2) G R+ x ]R 2 and from [351 [51] that 

u(t, Xi,x 2 ) — 4>{x\i x 2 — ct) — > as £ — >■ +00 uniformly in (xi, x 2 ) G R 2 . 
As a consequence, 

liminf ( inf (u(t, xi, X2) — <j>(xi, X2 — ct)) ) > 0. (5.42) 
Let now t G (— 00, T] be arbitrary. Since u < 1, there holds 



(5.43) 



■u (t , ^2) < min(0^(— sin(2a)— x 2 cos(2a) — Cft — Cf<je 5ta )+q(xi, x 2 ), l) 

=: « (ai, £2) 

for all (xi,x 2 ) G R 2 , where 

ij(xi,x 2 ) = (u(t 0l x%, X2) — 4>f{— \x\\ sin(2o!) — x 2 cos(2a) — Cft — Cf<je 5to )) + 

and s + = max(s, 0) denotes the positive part of any real number s. Since </>/(— 00) = 1, 
0/(+oo) = and since < u < 1 satisfies (15.321) and (I5.39p . one infers that 

lim ( sup ^(^1,^2)) =0. (5.44) 

A-^+oc \ | X2 _|tan(2a)| |aci| \>A ' 

On the other hand, it follows from (I5.15p . from the fact that 0/ is decreasing and from the 
condition to < T that 

g(xi, x 2 ) < max(0j(— \xi \ sin(2a) — x 2 cos(2a) — Cft — Cf<je 5t °), (f>f(x2 — Cft Q — CfCre St °)) 
— 4>f{— \xi\ sin(2a)— x 2 cos(2a) — Cft — Cf<je 5t °) 

_|_p_^ g— (\xi\s'ma+X2 cosa) 2 +(|a;i | cos a— X2 sina+cto+ccre st O) 2 _|_ ^g<5(*0 — |^l|) 

< 4> f (x 2 -Cft -CfO-e 5to ) 

g— y/ (\x\ \ sin a+X2 cos a) 2 +(|a;i | cos 0.—X2 sina+cto+ccre St O) 2 _|_ ^g<5(io — l^ll) 

for all (xi,x 2 ) G R 2 . Therefore, there holds 

V A > 0, lim ( sup ^(xi, x 2 ) ) = 0, 

V _A<a;2-|tan(2a)| |xi|<A xf+x 2 > p 2 ' 
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since 0/(+oo) = 0. Together with (I5.44|) . this implies that 



lim ( sup ^(^i,x 2 )) =0. (5.45) 



Let now u be the solution of the Cauchy problem associated to (II. ip in R 2 with initial condi- 
tion uq at time t = to- It follows from the maximum principle that u(t, £1,2:2) < w(t,£i,a; 2 ) 
for all (t,Xi,X2) € [to, +00) x M 2 . It also follows from the nonnegativity of <; and from fl 5 . 4 5 j) 
that 



u(t, Xi,X2) — 4>(xi,X2 — ct — - — — — — ) — )• as t — > +00, uniformly in (£i,2 2 ) £ R 2 , 

|cos(2a)| / 



see [351 ETJ . As a consequence, denoting L = sup R 2 \<f> X2 \i there holds 

( 11 ~, ~w\ Lctae 5t ° 

lim sup sup (u(t, x 1 ,x 2 ) - <p{x 1 ,x 2 - ct)) < - — J 

Since to < T can be arbitrarily negative, one gets that 



lim sup ( sup (u(t, Xi, X2) — £2 — ct)) )< 0. 

Together with (I5.42p . the desired claim (I5.4ip follows. 

Step 5: convergence to in . We here put together the conclusions of the steps 2, 3 
and 4. Let e > and let Ti <T, M 1 > and M 2 > be as in (JE3HJ). From flCTj) . fl5T4Tj) and 
from the definitions (I5.18P and (I5.19P of T t and for t > 0, there are T 2 > and M 3 > 
such that 

Vt > T 2 , V(xi,z 2 ) £ AT, (d((xi,z 2 ),rt) > M 3 ) (M(t,x l7 x 2 ) < e). 

Lastly, it follows from ( 15.391) and from the definitions ( 15. 1 Tf) and (15 .181) of T t that there exists 
M 4 > such that 

VTi < t < T 2 , V(xi,x 2 ) £ (d((xi,x 2 ),r t ) > Mi) (u{t,x 1 ,x 2 ) < e). 

With (l5THg|) . one infers that 

Vt £ R, V(xi,z 2 ) e ^7. (rf((xi,x 2 ),ri) > max(M 1 ,M 2 ,M 3 ,M 4 )) (u(t,Zi,z 2 ) < e)- 

This, together with (15.331) and the inequality < u < 1, means that w is a transition front 
connecting and 1 for problem (II. ip in R 2 . The proof of Lemma [5.21 is thereby complete. □ 
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